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GKZ-Generalized Hypergeometric Systems 
in Mirror Symmetry of Calabi-Yau Hypersurfaces 



We present a detailed study of the generalized hypergeometric system introduced by 
Gel'fand, Kapranov and Zelevinski (GKZ-hypergeometric system) in the context of toric 
geometry. GKZ systems arise naturally in the moduli theory of Calabi-Yau toric varieties, 
and play an important role in applications of the mirror symmetry. We find that the 
Grobner basis for the so-called toric ideal determines a finite set of differential operators 
for the local solutions of the GKZ system. At the special point called the large radius 
limit, we find a close relationship between the principal parts of the operators in the GKZ 
system and the intersection ring of a toric variety. As applications, we analyze general 
three dimensional hypersurfaces of Fermat and non-Fermat types with Hodge numbers up 
to h^'^ = 3. We also find and analyze several non Landau-Ginzburg models which are 
related to singular models. 
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1. Introduction 



Recent studies on nonperturbative aspects of string theory have made remarlcable 
progress in understanding the structure of moduli spaces in string theory. Applications of 
mirror symmetry, for example, in type II string compactification to studying the geometry 
of moduli spaces is one of the most successful developments. Starting from the pioneer- 
ing work by Candelas et al^, and subsequently by others, the quantum geometry of the 
moduli spaces for many Calabi-Yau models § § [0 § i [0] have now been weU 



understood via mirror symmetry. At the same time, there is parallel progress in studying 
the axiomatic framework of quantum geometry and its application to enumerative geom- 



etry 12]. Also in explicit constructions of the geometry of concrete Calabi-Yau models. 



it is now understood that for a large class of Calabi-Yau varieties, the mirror maps have 



remarkable modular and integrality properties [|T^[jI^[^. These models present strong 
and even beautiful evidence for the recent proposal for the so-called type Il-heterotic string 
duality [|l6l. These Calabi-Yau models continue to provide fruitful testing ground for string 



duality JT^ . 

Mirror symmetry was first recognized in the local operator algebra of the N=2 string 
theory [1T8[| . Soon after the introduction of the framework of toric geometry into the study 



of Calabi-Yau models |jT^[|2^, mirror symmetry has since been widely checked for many 



Calabi-Yau hypersurfaces and complete intersections in toric varieties. Mirror symmetry 
relates two moduli spaces with apparently very different properties - one moduli space is 
described by purely classical geometry, while the other is described by quantum geometry 
which receives nonperturbative corrections from worldsheet instanton[^. Mirror symme- 



try thus gives us a powerful means for studying quantum geometry of one moduli space 
via classical means such as the theory of variation of Hodge structures. 

Variation of Hodge structures allows us to study the period integrals for Calabi-Yau 
varieties. It is known that the period integrals satisfy differential equations with regu- 
lar singularities, known as Picard-Fuchs differential equations. A general technique for 
constructing Picard-Fuchs equations is the reduction method of Dwork-GrifRth-Katz. For 
Calabi-Yau toric varieties, it was remarked in ||2^] that the period integrals satisfy a gen- 
eralized hypergeometric system introduced by Gerfand-Kapranov-Zelevinski [p3| . It has 
been observed in solving several examples that the GKZ system is not generic and is 
reducible. Moreover there is an irreducible part in which the period integrals live. In this 
paper we study the GKZ hypergeometric system for general Calabi-Yau hypersurfaces, 
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and discuss the previous observations in a different light but with much greater generahty. 
As apphcations, we determine the Picard-Fuchs differential equations for all hypersurfaces 
with Hodge numbers h^'^ < 3 in weighted projected spaces. 

In section 1, we review the toric description of mirror symmetry, due to Batyrev. We 
introduce period integrals in the language of toric geometry, and introduce a GKZ system 
which we call A*-hypergeometric system. The system is extended by incorporating the 
symmetry coming from the automorphism group of the ambient space 1^]. We classify 
according to the toric data Calabi-Yau hypersurfaces into three classes: types I, II and 
III. 

In section 2, we analyze local solutions to the A*-hypergeometric system. We con- 
struct a finite set of differential operators for local solutions by relating the system to an 
algebro-combinatorial object, known as a toric ideal. We find that the local properties near 
the so-called large radius limit are determined completely by the intersection ring of the 
ambient space. In the case of type I and type II models, we prove in general the existence 
of the large radius limit, hence establish the existence of the point of maximally unipotent 
monodromy. We give a natural explanation for the reducibility of our A*-hypergeometric 
system in terms of certain aspects of the intersection ring of the ambient space. We also 
extend our arguments to type III models. 

In section 3, we will apply our general framework to three dimensional Calabi-Yau 
hypersurfaces with h^'^ < 3. Detailed analyses are given for a few typical models. For oth- 
ers, we will append a list of the Picard-Fuchs equations to the source file of this article p3| 
for interested readers. 

In the final section we will discuss some relationships among different Calabi-Yau 
manifolds which come from the inclusion relations among refiexive polyhedra. 
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2. Toric Geometry and Generalized Hypergeometric Differential Equation 

In this section we analyze the differential equations, known as Picard-Fuchs equations, 
satisfied by the periods of a toric variety. Applications of toric geometry to the description 
of the Picard-Fuchs equation was first initiated in |^2| and further developed in Here 
we summarize some of the analyses in and extract some combinatorial aspects of the 
Picard-Fuchs equations. 

2.1. A construction of mirror manifolds 

In order to fix some notations, we review Batyrev's construction of the mirror mani- 
folds, which is applicable to the list of 7,555 hypersurfaces of [|25| as well as complete 



intersections in a product of (weighted) projective spaces. In the following we restrict 



our attention to hypersurfaces, although generalization to complete intersections |p9|| 
can be done. 

Let us consider a weighted projective space P^{w) and a hypersurface Xd{w) with 
(weighted) homogeneous degree d = wi + ■ ■ ■ + Wn+i- Without loss of generality, we 



may assume that the weight w is normalized [^, i.e., gcd(wi, ■ ■ ■ , t&i, ■ ■ ■ , Wn+i) = 1 , (^ 



1, ■ ■ ■ , 71 + 1). (See also ^^.) For n = 4, the list of ||2^ exhausts all hypersurfaces Xd{w) 
defined by weighted homogeneous polymonials satisfying the transversality condition. Now 
let 

w{z)= «-^"^= E a-i,...,m„+i^r---c+r • (2.1) 

(w,m)=d (w ,m)=d 

For generic a^,, the zero locus {VF(-2) = 0} defines a hypersurface Xdiw) in general position. 
Its intersection with singular locus of the ambient space P{w) gives the singular locus of 
the hypersurface. We denote the Newton polyhedron of W{z) as A{w). It is the convex 
hull of the exponents of (|2.1D m in R""'"^, shifted by (—1, ■ ■ ■ , — !)• If we take into account 
the condition d = wi-\ — ■ +Wn+i, it is easy to deduce that the shifted polyhedron can be 
written as 

A{w) = Conv. {{xe Z'"+^ \{w,x) = , x^>-l{i = !,■■■, n + 1)}) . (2.2) 

An n + 1-dimensional polyhedron A in R"^"'"^ is called integal if all its vertices are 
integral (with respect to the lattice 2"^+^). A reflexive polyhedron is an integral polyhedron 
with exactly one integral interior point, the origin. The polar dual of A, 

A* := { y G R"+^ I (y, x) > -1 (Vx G A) } (2.3) 
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is again integral and reflexive. If we consider the set of cones over the faces of a polyhedron, 
we will obtain a complete fan which covers R'^+^ Thus to each pair of reflexive polyhedra 
(A, A*), we can associate a pair of complete fans (E(A),E(A*)) and in turn a pair of 
the n + 1 dimensional toric varieties (Pe(a*), Pe(A))- In each of the toric varieties, there 
is a family of Calabi-Yau hypersurfaces given by the zero loci of certain sections of the 
anticanonical bundle. The toric variety Pe(A) contains a canonical Zariski open torus 
(C*)" whose coordinates we denote as X = (Xi, ■ ■ ■ , Xn)- In these coordinates, the sections 
are 

/A.(X,a)= Yl ^^^'^^ • (2.4) 
!^*eA*nZ"+i 



For generic values of the a^'s in ( |2.4D , the X^* in Pe(A) admits a minimal resolution to 
a Calabi-Yau manifold (which we also denote Xa*)- Similarly there is a corresponding 
family of hypersurfaces X^ in Pe(a*)- Batyrev showed that a pair of the Calabi-Yau 
manifolds (^a^^a*) is mirror symmetric to each other in the sense that we have the 
following relations for their Hodge numbers (n > 4); 

= /(A*)-(n+i)- Yl ^'(^*)+ E nsnns) , 

= l{A)-{n + l)- Yl E 



codimS'* = l codimS'*=2 ^2 



codimS=l codimS=2 



where the S are faces of A, 5"* the polar dual face of 5". The functions / and /' count the 
numbers of integral points in a face and in the interior of a face respectively. 

When W{z) is Fermat, the toric variety Pe(a*) is isomorphic to the weighted projec- 
tive space P'^{w), with X^ isomorphic to some Xd{w)- Then the mirror hypersurface X^* 
can be understood as an orbifold of the Xa in Pe(a*)5 giving the orbifold construction 
of Greene and Plesser[^ based on conformal fleld theory. For general hypersurfaces of 
non-Fermat type, P{w) and Pe(a*) only birational. In fact the fan E(A*) is a reflne- 
ment of the fan of P{w). The hypersurfaces Xd{w) and Xa are related by flop operations 
on the ambient spaces. It has been shown |3^] , in this way, that Batyrev's constructions ap- 
plies to all 7,555 hypersurfaces and reproduces the generalized mirror constructions known 
to ||34|| . In addition, there are several mirror pairs {Xa,Xa*) which do not come from 
hypersurfaces in weighted projective spaces. 
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The quantity most relevant to the apphcations of the mirror symmetry to the quantum 
geometry of X/^ are the period integrals for its mirror X/^* . For example, 

is the period integral over the torus cycle Cq = {\Xi\ = \X2\ = ■ ■ ■ = \Xn\ = 1} in (C*)"'. 
For other periods, we will analyze the differential equation satisfied by (|2.6|) . 



2.2. A-hypergeometric system for the periods 

In [^, it is remarked that the period integral ( p.6|) satisfies an ^-hypergeometric 
system introduced by Gel'fand, Kapranov and Zelevinski [^. In f^, it is found that 
the hypergeometric system is not generic but reducible, and the period integrals can be 
extracted from the system as the irreducible part of its solution space. Furthermore, for 
most of the hypersurface models, it is noted that the hypergeometric system must be gen- 
eralized in order to extract the irreducible part of the solutions. We reproduce here an 
extension which is called an extended A*-hypergeometric system, from purely combinato- 
rial data of the polyhedron. We note that for type I models (see below), the extended A*- 
hypergeometric system coincides with the GKZ system. For type II or III, the extended 
A*-hypergeometric system incorporates additional differential operators associated with 
the action of an automorphism group. 

An ^-hypergeometric system is described by a finite set ^ in a lattice {1} x Z"^ with 
the property that A linearly spans R"^"*"^. In our case of the A*-hypergeometric system, 
the finite set is given by the set of all integral points in the polyhedron A*. Namely we 
have A = {iyQ, z^^*, = (1, z^*), G A* n Z'^ }. Here we let = (1, i^^) for the 

origin Uq in A*. We consider a lattice L of afRne dependencies on A: 

L = {(/o, /i, ■ ■ ■ , /p) G ZP+i I lou^ + hul + ■ ■ ■ Ipu; = 0}. (2.7) 



Then it is found in that the period integral ( |2.6| ) satisfies the following set of differential 
equations, (^-hypergeometric system with exponents [3 = (—1, 0, ■ ■ ■ , 0) G R""*"^), 

ViIl{a)=Q {I EL) , Z,n(a)=0 (z = 0, 1, ■ ■ ■ ,p), (2.8) 



where the differential operators Vi and Zi are defined to be 



, dtti J \ da-j , 

li>0 ^ ^ lj<0 ^ ■' ' 

p 

i=0 



(2.9) 
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The solution space of (|2.8|) is typically too large - it contains more than the period integrals 
of the Calabi-Yau manifolds X/\* . It turns out that the period integrals satisfy additional 
differential equations. 



2.3. Automorphism of ^^.(^/s^) 

It is easy to recognize the origin of the linear differential operators Zj {j = 1, ■ ■ ■ ,n) as 



the invariance of the period integral (|2.6| ) under the canonical torus action on a toric variety, 
Xi — > XiXi (Ai G C*). Since the algebraic torus acts by a subgroup of the automorphism 
group of the toric variety Pi:(a)5 it is natural to incorporate into the PDE system the 
invariance under infinitesimal action of the full automorphism group. To describe this 
action in full generality, we will introduce the root system for a toric variety. 

Let us consider a compact nonsingular toric variety Pe based on a regular fan E in 
the scalar extension A^r of a lattice (= 7/) of rank r. Let M (= 7/") be the lattice dual 
to A^. We choose a basis {ni, ■ ■ ■ , n^} for and a dual basis {mi, ■ ■ ■ , m^} for M. There 
is a canonical algebraic torus T/v := Homz(M, C*) = (C*)'^ in P^; whose coordinate ring 
is C[M] = ©^eMCe(m). We write it as C[Xf^, • ■ ■ , X^^] with Xi = e{mi). Define the 
derivations 6n {n G A^) on C[M] by 5^e(m) = {m,n)e{m). These derivations describe the 
natural action of Lie{T]si) on T/v- We may write {^m, ■ ■ ■ , Sn^} = {Xi-^^, ■ ■ ■ , Xrj^}. 
The Lie algebra of the full automorphism group of Pe is described by the root system 
in addition to the torus action. The root system -R(S) is determined by the data of 
the fan E as follows. We denote the subset of one dimensional cones in the fan as E(l). 
In each one dimensional cone a^^^ G E(l), there is a primitive element n{a^^^) in A^. Let 

R{E) = {a G M I 3a^^) G E(l) with(a, n(ai^))) = -1 

and > OforaUa^^) ^ a^^^ }. ^^'^^^ 

In terms of the root system, the Lie algebra of the automorphism group can be expressed 
by 

LieiAuto{Pj:)) = Lie{TN) © (©«efl(E)Ce(a)5^^^(i)^) . (2.11) 

The linear differential operators Zi,- ■ ■ ,Zn in (|2.8| ) express the invariance of the period 
integral n(a) under the action of Lie{T]s[). In fact it is easy to check that 



The operator Zq represents the change of the period under the overaU scahng of the Laurent 
polynomial /a*(^, a) — > A/a*(^, a). We can now clearly extend the formula ( |2.12| ) to 



define Zyn(a) for every Y G Lze(A'uto(PE(A))) by replacing by Y . We thus arrive at 
the definition of the extended A*-hypergeometric system 

Pzn(a) = (/gL) , Zyn(a) = (y G Lze(Awto(Ps(A))))- (2-13) 

This extended system was first introduced in [§] and was used successfully to determine 
the complete set of the period integrals. 

Because of the special value of the exponent /3 = (—1, 0, ■ • ■ , 0) G R"^+^, the following 
gauge for the period 

n(a) = aon(a) , (2.14) 

will be useful. We will denote the hypergeometric system in this gauge as T>]^{a) = 
, Zill{a) = 0. Especially the first order differential operators Zq^Zi,- ■ ■ , Zn may be 
written concisely as 

Zu = J2{u, i?*)9a, {u G R'^+^). (2.15) 

In ref.[|l , several Calabi-Yau hypersurfaces with h^'^ = 2 and 3 have been studied. 
There hypersurfaces in a weighted projective space have been classified into three types 
depending on the properties of the fan E(A*). Type I models are those which do not have 
any integral points in the interior of codimension-one faces of A*{w) and for which we 
have a regular fan E(A*) after taking into account subdivisions of the cones resulting from 
the integral points on the lower dimensional faces. Type II models are those which have 
integral points in the interior of codimension-one faces of A*{w) but for which we still have 
a regular fan E(A*) after subdivisions of the cones resulting from the integral points on 
the faces. Type III models are those which we do not have a regular fan E(A*) even if we 
subdivide the cones by incorporating all the integral points on the faces. In this sense type 
III models may be called 'singular'. According to this classification, we reproduce here the 
models analyzed in Q 

Type 1:^8(2, 2, 2, 1,1) 

Type II : Xi2(6, 2, 2, 1, 1) , Xi^{7, 2, 2, 2, 1) , Xis{9, 6, 1, 1, 1) , ^12(6, 3, 1, 1, 1) , 
^24(12, 8, 2, 1,1), 

Type III : Xi2(4, 3, 2, 2, 1) , Xi2(3, 3, 3, 2, 1) , ^15(5, 3, 3, 3, 1) , Xis{9, 3, 3, 2, 1) . 

(2.16) 
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It was found that for a model of type I or II, the extended A*-hypergeometric system 
is sufficient to determine the complete set of the period integrals. Whereas for models 
of type III, one needs to consider additional (non-toric) differential operator (s) whose 
form can be determined from the Jacobian ring of the hypersurface. If we supplement 
these additional operators to the extended A*-hypergeometric system, we can derive the 
Picard-Fuchs differential equations. Thus for type III models, the combinatorial data of 
the polyhedron A* alone do not seem sufficient for the explicit construction of the full 
system of differential operators. Nevertheless we will find in the next section that the local 
solutions arc determined purely by the combinatorial data of the polyhedron, and this 
property is shared by all three types of the Calabi-Yau hypersurfaces. 

Example: Xi^fT, 2, 2, 2,1) 

This is a typical model with non-trivial automorphism group. The polyhedron A{w) = 
{x e I wixi + ■ ■ ■ + = , Xi > —1 {i = 1, ■ ■ ■ , 5) } is simplicial and is given by 
the convex hull of the vertices 

i/i = (1, -1, -1, -1) , = (-1, 6, -1, -1) , us = (-1, -1, 6, -1) , 

(2.17) 

= (-1, -1, -1, 6) , = (-1, -1, -1, -1) , 

where we fix a basis {Ai, • • • , A4} for the lattice H{w) = {x E \ w^xi + h W5X5 = 

}, with Ai = (l,0,0,0,-t(;i),A2 = (0, 1, 0, 0, -tus), A3 = (0, 0, 1, 0, -tug) and A4 = 
(0, 0, 0, 1, —W4). The integral points in the dual polyhedron A*{w) are 

z.* = (0,0,0,0), z/i* = (l,0,0,0), ^/* = (0,1, 0,0), ly* = {0,0,1,0), 

vl = (0, 0, 0, 1) , u* = (-7, -2, -2, -2) , u* = (-3, -1, -1, -1) , (2.18) 

V*, = (-4, -1, -1, -1) , i^; = (-1, 0, 0, 0) . 

The points are the vertices of the simplicial polyhedron A*{w) and all other 

points (except the origin) appear on some faces of the polyhedron. The point z/g = ^(z^i + 
z/5) appears on the edge (one dimensional face) and corresponds to an exceptional divisor 
in Xa- The point ly^ = + + + 7z/|) and z/| = \{2v^ + 2z/| + 2z/^ + i^l) are 
both in the interior of the codimension-one face dual to the corner vi of A(w). Hence they 
describe the automorphism of P5:(A) and of the family of hypersurfaces Xa* . In fact the 
two points describe the root system for the fan S(A) and generate the nontrivial part of 
the automorphism, 

CCi e := Ce{v*^)5,, Ce{vl)5,, . (2.19) 
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These infinitesimal actions on the coordinate ring can be expressed in terms of the natural 
basis for = and M = as = X^'^+^iSx^ - Sx^ - ^x^ - 5x^) {i = 1,2) and have 
the expressions 

f ^ fx ^ X ^ X ^ X ^ 

- xfx.xsx, [^'dx;~^'dx-,-^'dx-s-^'dx;, , , 

^2 — -TT' Xi —— X2 TTTP -^3 T717 



Xi \ "dXi ^8X2 dXs 

We may verify the algebra [^1, ^2] = 0. The linear differential operators Z^-^ and Z^^, which 
follows from ( |2.12| ) , turns out to be 

9 d d 
% = \- 2ai- h deo- 
dar dae da5 , . 

d d d ^^-^^^ 

2^2 = \- 2ai- h ae- — . 

dag dao da-j 

These linear operators together with Zq, ■ ■ ■ , and the higher order operator Vi (/ G L) 
constitute the full extended A*-hypergeometric system. 



3. Secondary fan, Grobner fan and local solutions 

In this section, we analyze the local solutions of the A*-hypergeometric system. We 
find that the local properties of the A*-hypergeometric system are determined purely by 
an algebro-combinatoric object, known as a toric ideal. At a special point, called "large 
radius limit" , the toric ideal is related to an ideal which determines the cohomology ring 
of the toric variety Pe(a*)- 

3.1. Convergent series solutions for A-hyper geometric system 

Here we will summarize, with some modification, the general results in about the 
convergent series solutions of the ^-hypergeometric system. We set A = (1, A*) fl TjP^^ = 
{z^Q, ■ • ■ , for our case of the A*-hypergeometric system. The description here is brief 
and is meant to fix notations and to prepare for later discussions. We refer the reader to 
the original paper for details. 

From the definition of the ^-hypergeometric system ( |2.8|) ( p^ , it is easy to check that 
a formal solution to the ^-hypergeometric system with exponent (3 G R*^"*"^ is given by 
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where /3 = Yli li^i ■ Evidently the formal solution is invariant under 7 7+f (f G L). De- 
fine the affine subspace := {7 G W^^\(3 = J2 li^i)- If we choose a basis .., /(p""") 
for L, the formal series ( |3.1|) takes the form n(a, 7) = a'^ Xlmi •• mp_„6Z '-"i^"^? where 
Xfc = a^^ The relevant solutions are those with 0^,(7) = unless rrii > 0. One must 
therefore restrict the choices of the basis and of 7. 

A subset / G {0, 1, ■ ■ • , p} is a base if {z^*|« G /} form a basis of R'^+^. Given a 
base / and 7j (j ^ /), we can solve for 7^ {j G /) using the linear relation J2jei'^j^j ~ 
^ - Y.j0l3^;- Consider $z(/?,/) := {7 e $(/3)|7, G Z (j ^ /)}, and := {7 e 

$z(/9,/)|7j = Efc=?^fc^f^ (0 < Afc < l,j i I)}. It is clear that is a set of 

representatives of $z(/3, -f)/-^- Consider the cone 1C{A,I) = {I E L-R\li > 0{i ^ /)} where 
Lr = L ® R. a Z-basis A C L is said to be compatible with the base / if the cone 
generated by the basis A contains the cone )C{A, I). 

If A = ■ ■ ■ is compatible with the base I, then the formal 

series ( \3.1\ ) takes the form n(a,7) = ci'^ J2mT_ ■■■ mp^,^>o'^rnX'^ for each (3 2) 
7 G ^^iP^^) '"^^^^ = \ and this power series converges for suffi- 
ciently small \xk\- 

By definition we may write the formal series ( |3.1|) as above with Cm = Cmi'j) '■ = 
riLo Vr(Ewfc4''^ + 7^ + !)• For 7 G we have E^fc^f ^ + + 1 E Z for 

j ^ I. It follows that if ^ 0, then E "^fc 

we use 7j = E '^klf^ (0 < Afc < 1, j ^ /). Since the basis A is compatible with the base 
/, we have ruk + Afc > for all k, implying mfc > 0. Thus given a basis A compatible 
with the base /, if for every 7 G ^^'^{(3^1) there is 0^(7) 7^ for some m, then we have 



|$z(/9, /)/-^| = |det(z^* j)i<i<„_|_i linearly independent power series solutions []23[| . 

However it can happen that 0^(7) = for all m, i.e., the series solution becomes 
trivial n(a, 7) = when E ^fc^i'^^ +7i + 1 ^ Z<o (mfc > 0) for some z G /. In this case, we 
multiply Cm by a constant infinite renormalization r(7i + 1). More precisely, we assume 
that 7 is such that the following limit exists: 

r(7z + 1) ^ lim r(7, + l+£) 
r(Z, + 7, + l) ■ e^^V{U + ^, + l + e) ^ • ^ 

for all I E L. 

All linearly independent power series solutions are constructed from a set of bases 
{/} which form a triangulation of the polyhedron P := Conv.({0, Uq, z/*, ■ ■ ■ , i^*}), where 
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is the origin in R"^"'"^. We call a collection of bases T = {/} a triangulation of P if 
Uj^T{i^i) = P and (z/|^) fl {uj^) (/i,/2 G T) is a lower dimensional common face. Here 
(uj) a n + 1 dimensional simplex with vertices G /) and the origin. Because the 
n + 1-simplices in P are in 1-1 correspondence with the n-simplex in A*, there is a notion 
of a triangulation of A*( or A). We use the two notions interchangeably. A triangulation 
T is called maximal if T gives the maximum number of n-simplices in A* and G / for 
all / G T. A Z-basis A of L is called compatible with a triangulation T if A is compatible 
with every / G T. 

For a base / and a point r] G R^"*"^, we consider a linear function hj^rj on R^"*"^ such 
that hi^^iiy*) = r]i {i e I). We define a cone C{A, I) by {r] G W+^\hi^^{p*) < r]i {i ^ /)}. 
For a triangulation T, we define the cone C{A,T) := ni^TC{A, I). We may associate 
with T] G R^"*"^ and a triangulation T, a piecewise linear continuous function /it,?? on the 
polyhedron P defined by 1) hT,r]iPi) = rji for each vertex u* of the triangulation T, 2) 
the restriction hT^n\{i'*) {I G T) is a linear function. Then the cone C{A,T) consists of 
r] G R^"*"^ for which the function /it,?? is convex and hT,ri{i^i) < for u* not a vertex 
of T [p3| . A regular triangulation is a triangulation for which we have interior points in 
the cone C{A,T). For every regular triangulation T, there are infinitely many Z-basis of 
L compatible with T. We set ^^{(3,T) := U/gT^z (/^' -^)- Now we may state the result 



(theorem 3) in p3 



For a regular triangulation T of the polyhedron P, and a Z-basis A = 
■ ■ ■ , /(P""-)} of L compatible with T, we have integral power series in 
the variables Xk = a'' ' for a~'^Il{a,'y) (7 G ^^{(3,T)), which converge (3.4) 
for sufficiently small \xk\- If the exponents (3 is T-nonresonant, the series 
n(a,7) (7 G ^-^{(i.T)) constitute vol(P) linearly independent solutions for 



In the above theorem, the exponent (3 is called T-nonresonant if the sets $z(/3,/) (/ G 
T) are pairwise disjoint. It turns out that in our A*-hypergeometric system there are 
many regular triangulations for which the exponent (3 = (—1, 0, ■ ■ ■ , 0) is T-resonant. In 
particular, if T is a maximal triangulation and the polyhedron A* is of type I or II, then (3 is 
'maximally T-resonant', i.e., $z(/3, /) consists of a unique element 7=(— 1, 0, ■ ■ ■ , 0) modulo 
L for all I E T. (Note that each simplex I E T has volume \det{i'*^^)i<i<n+i,jei\ = !•) 
In this case, we will obtain only one power series solution ( |3.1|) , and all other solutions 
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contain logarithms, whose forms we wiU determined by the Frobenius method. 

Given a regular triangulation T, a compatible Z-basis A = and 7 G 

$2 (/^i T), we define a power series wo{x, p) = aon(a, 7) where p = (pi, ■ ■ ■ , Pp-n) is defined 
by 7 = Pkl^'^^ + (—1, 0, ■ ■ ■ , 0) and Xk = (—1)^° 'a^''°\ Exphcitly we have 

mi,...,m,>0 ni<z<p r(^(mfc + Pk)l\ + 1) 

The p can also be determined by the indicial equations of the hypergeometric system. 

Given a regular triangulation T, we shall now construct a compatible Z-basis A 
with the criterion that the cone generated by A in Lr contains the cone }C{A,T) : = 
Ui^tK^{A, I). First we introduce the Gale transformation. Consider exact sequence 

— ^ R"+^ — RP+^ — RP-" — ^ , (3.6) 

where we let R'"+^ be the span of the integral points z^*'s and RP"'"^ in the middle is 
the span of a basis {cj^* , Cj^* , ■ ■ ■ , 6,7* } labeled by the points. The linear map A sends 
V G R"+^ to T^De^i and B is the natural map onto Rp+VR"+^ = R^""- The Gale 
transform of a point configuration A in R""'"^, which we denote R"^"*"^}, is defined to 
be a point configuration R^""} with B := {B(ei;* ),■■■, B(ej7.)}. Now we consider a 
cone in R^""^, 

C'(AT) = njeT ($^R>oB(ei,*) J . (3.7) 

\i0 J 

Then it is shown in |3|] that the cone C{A, T) decomposes into © C'{A, T). The 

secondary fan J-'{A) is defined as 

J^[A) = {C'{A, T)\T : regular triangulation}. (3.8) 

It is known that the secondary fan is complete and strongly polytopal polyhedral 
fan[|5l|3|. 



In our point configuration {A, R*^"*"^}, the set A consists of integral points. Therefore 
the sequence ( p.6|) can be endowed with an integral structure: Z"^+^ Zp+^ 
ZP-^ . The dual of this sequence is ^ (Z'"+i)* 4- {Zp+^)* 4- L ^ , where 
L is the lattice of the affine relations among A. The cone dual to C'{A,T) C R^~"^ is the 
cone IC{A,T) C Lr. In general C'{A,T) is strongly convex but not necessarily regular. 
There is a canonical refinement of the secondary fan known as the Grobner fan (see next 
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subsection) . However even a cone in this refinement is not necessarily regular. By suitably 
subdividing the cone, we obtain a regular subcone and hence a Z-basis of this subcone. 
The dual basis A = thus generates a cone containing 1C{A,T). This gives 

us a Z-basis of L compatible with T. Note that when C'{A, T) is already regular, the basis 
A is uniquely determined by T. 

Suppose now the polyhedron A* is of type I or 11. Then endowed with a maximal 
subdivision, it defines a regular fan E(A*) and Pe(a*) is smooth. It is known that the 
Gale transform Z^"'^} generates the Picard group Now associated with E(A*) 



is a maximal triangulation T. In this case, C'{A, T) is the Kahler cone, and 1C{A, T) is the 
Mori cone of Pe(a*)- In particular C'{A, T) is a maximal cone (hence has interior points), 
implying that that T is regular. 

3.2. Toric ideal and universal Grobner basis 

Here we will focus on the differential operators T>i (/ G L) in (|2.9|) . Although there 



are infinitely many operators, we can describe the system by a finite set of the operators. 
The problem is how to construct such a finite set. We will see that the so-called toric ideal 
in the theory of Grobner basis gives us a powerful tool for this purpose. 

Let A be the finite set in the previous subsection and L be the lattice representing 
the integral relations among the vertices in A. We may decompose any element / G L 
uniquely into /_|_ — with two nonnegative vectors /+,/_ having disjoint support, where 
the support m G L is defined by supp(m) := { z | 7^ }. Toric ideal X^^ is defined as 
the ideal in C[yo, ■ ■ ■ ,yp] which is generated by y''+ — y''- , i.e., 

Ia = (2/^+ -y'-\leL) . (3.9) 

Let a; be a term order on in C[yQ, ■ ■ ■ ,yp]. It is a vector iv = (cuq, ■ ■ ■ , ujp) G which 
defines an monomial ordering by the weights: the weight of y^" ■ ■ ■ yp^ being wocto + ■ • • + 
ujpap. With respect to this term order, we consider an ideal LT^(X^) = {LT^{f) \ f G X^) 
of the leading terms of X^. Two different weights uj and uj' may give the same ideal. The 
equivalence class in Rp+^ 

C{Ia,uj) := W G RP+^ I LT^{Ia) = LT^'{Ta) } , (3.10) 

is an open convex polyhedral cone. The collection of cones {C(X^, uj)} is known to be finite 
and defines a polyhedral fan called the Grobner fan TiXX) of X^. 
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The Grobner basis of X4 with respect to a term order w is a finite generating set 
of J_4, with the property that the ideal {LT^^{g) \ g G B^^) is equal to LT^{lj). By 
Hubert's basis theorem, is generated by a finite set binomials — with / G L. 
Starting from such a finite set, the (reduced) Grobner basis B^^j obtained by Buchberger's 
algorithm is also a set of binomials. This is because the algorithm consists of forming 
the iS-polymonials for the generators and the reductions of the minimal Grobner basis and 
both processes close in the set of binomials. Moreover the elements of the reduced Grobner 
basis take the form — y^- (/ G L) of binomials. 

Next given a term order uj, we shall obtain a regular triangulation and hence 
a compatible Z-basis A of L (last section). The elements of the toric ideal may be 
identified as differential operators which annihilate the formal series n(a, 7) with 7 G 
^^l/^j^L)- The ideal LT^(I_^) is then a set of of 'leading' terms of the operators which 
determine the indices for the series wq{x, p). Therefore the Grobner basis B^^ with respect 
to uj gives a finite set of the differential operators {X';} which suffices to describe the local 
solutions. A finite set which contains the Grobner basis Bi_j for all term orders is known 
as a universal Grobner basis Ujs^. This basis is useful to describe global property of the 
system. 

A nonzero integral relation / G L is called elementary if 1) I is primitive, i.e., 
gcd(Zo, ^1, ■ ■ ■ , ^p) = 1, 2) supp(Z) is minimal with respect to inclusion. It is known 
that the set {Z'-^-*, Z'-^-*, ■ ■ ■ , /''"^•'} of all elementary integral relations generates a (p + 1)- 
dimensional zonotope Va '■= (0, Z*-^-') + (0, Z*^^^) + ■ ■ • + (0, Z*^"^^), where (0, l'^^'^) represents a 
one-dimensional simplex and the sum means the Minkowski sum. The universal Grobner 
basis is then given by 



UA = {y'^-y'^ IZGP^nz^'+i} . (3.11) 

Given a term order u the notion of a regular triangulation can in fact be recast as 
follows. Consider the polytope P^j :=Conv.{((^05 ^'0)5 ' ' ' 5 ('^P' ^p)} ™^ R""*"^, which is a 
lifting of A by assigning the weights uji as height to each point v*. For sufficiently generic 
w, the lower envelope of P^^ naturally induces a triangulation T^^ of A. 

It turns out that a triangulation T of ^ is regular if and only T = T^ for some generic 
weight UJ. Also the interior points of the cone C{A, T) consists of all weights w G R^"*"^ 
such that = T [^. The Stanley- Reisner ideal SRt for a triangulation T of ^ is the 
ideal in C[yQ, ■ ■ ■ , 2/p] generated by all monomials yi^^yi^ ' ' 'Vik where {ii, ^2, ■ ■ ■ , ^fc} ^ T. 
Then the following is shown in |[40|| , 
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If a weight vector uj defines a term order for the toric ideal T_a, then the cor- 
responding subdivision is a regular triangulation. The Stanley- Reisner (3-12) 
ideal SRt^ is equal to the radical of the ideal LTi^{Tj\). 

As an immediate corollary to ( |3.12| ), the Grobner fan J^{Ij\) is a refinement of the 
fan {C{A,T)}. Since each cone C{A,T) has a decomposition R"^+^ © C'{A,T), we have a 
similar decomposition C{I_a, u) = 'RP'^^ ®C' {T_a, uj). We will call the collection {C'(Xy^, u)} 
the Grobner fan which we also denote by J^{1X)- 

Example: V{2.2.2AA) 

This is a simple example of a toric variety in which we can define a Calabi-Yau 
hypersurface with /i^'^(Xa) = 2. The polyhedron /S.{w) is given by the convex hull of the 
following integral points, 

= (3, -1, -1, -1) , z/2 = (-1, 3, -1, -1) , Z.3 = (-1, -1, 3, -1) 

(3.13) 

= (-1, -1, -1, 7) , = (-1, -1, -1, -1) , 

where the vector components are those with respect to a fixed basis Ai = (1,0,0,0, 0, —wi) , ■ 
(0, 0, 0, 1, —w^ for the lattice H{w) (see the example in the previous section). The integral 
points in the dual ^*{w) are 

ul = (1, 0, 0, 0) , u* = (0, 1, 0, 0) , ul = (0, 0, 1, 0) , 

(3.14) 

= (0, 0, 0, 1) , = (-2, -2, -2, -1) , ul = (-1, -1, -1, 0) , 

The point z/| = + I'D in a codimension 3 face of A* corresponds to a Ai-type Du Val 
singularity in the affine subvariety determined by the cone R>z^| +R>z^5 in the fan E(A*). 
We can find three elementary relations (up to sign) in ^ = (1, /S.*{w)) fl expressed by 

/(I) = (-4, 1, 1, 1, 0, 0, 1) , = (0, 0, 0, 0, 1, 1, -2) , 

(3-15) 

Z(3) = (-8,2,2,2,l,l,0). 

Then the zonotope Va = (O,/*-^-') + (0, Z*^^-*) + {^,1^'^^) determines the universal Grobner 
basis 

Ua = {yiy2y3y6 - yo, y^y^ - yl, ylylylv^y^ - yo, ymysVAyb - y^ya } (3.16) 
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It is straightforward to find all possible regular triangulations of the set A, or equiv- 
alently the polyhedron A*{w). We find the following four regular triangulations; 

To = {(0, 2, 3, 5, 6), (0, 1, 3, 5, 6), (0, 1, 2, 5, 6), (0, 2, 3, 4, 6), 

(0, 1, 3, 4, 6), (0, 1, 2, 4, 6), (0, 1, 2, 3, 5), (0, 1, 2, 3, 4)} , 
Ti = {(1,2,3,4,5)} , T2 = {(1,2,3,4,6), (1,2,3,5,6)} , 
Ts = {(0, 2, 3, 4, 5), (0, 1, 3, 4, 5), (0, 1, 2, 4, 5), (0, 1, 2, 3, 5), (0, 1, 2, 3, 4)}, 
where, for example, (0, 2, 3, 4, 5) represents a simplex with vertices z/q, i^l , ■ ■ • , ■ 




(3.17) 



Fig.l The secondary fan and the Grobner fan for P (2, 2, 2, 1, 1) 

The secondary fan consists of the polyhedral cones parametrized by the regular triangulations Xq, " " " , in 
the text. The Grobner fan provides a refinement consisting of Tx, ■ ■ ■ , Tg represented by the typical weights in 
the tablel. 



The Grobner fan consists of six two-dimensional cones, together with lower dimen- 
sional cones as their faces. We list the typical weight with the corresponding ideal LT^(Ij\) 
and its radical in the table 1. We draw, in the figure 1, the secondary fan and the Grobner 
fan as its refinement using a Z-basis {Z^^-*, Z*-^-'} which is dual to a Z-basis in 
( CT) of the lattice L. 



cone weight uj 



A) 



rad(LT^(J4)) 



ri (0,1,1,1,1,1,0) 

T2 (1,0,0,0,1,1,0) 

Ts (1,0,0,0,0,0,1) 

r4 (1,0,0,0,0,0,5) 

rs (0,1,1,1,0,0,4) 

re (0,1,1,1,0,0,1) 



(2/12/22/32/6,2/42/5) 
(2/0, 2/42/5) 

(2/0', 2/i) 

(2/12/22/32/6, 2/i, 2/0, 2/o2/6) 

{ymysve, vh ylvhiy^yb, 2/02/6) 
(2/12/22/32/6, 2/i, 2/12/22/32/42/5) 



(2/12/22/32/6,2/42/5) 
(2/0,2/42/5) 
(2/0,2/6) 
(2/0,2/6) 

(2/6,2/12/22/32/42/5) 
(2/6,2/12/22/32/42/5) 



Table 1. Grobner cones with typical weights. 

Each cone determines the ideal LT^{J^ji^ and its radical. The radical coincides with the Stanley- Reisner ideal 



S Rt according to (3.12) 
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3.3. Cohomology ring o/Px;(a*) the local solutions — when E(A*) is regular — 

In this subsection we will study the local solutions of the A*-hypergeometric system. 
Since the Grobner fan is a refinement of the secondary fan, each cone of the Grobner fan 
naturally defines a convergent series for (|3.1|). Namely we consider a cone r with typical 



weight uj. If r is simplicial and regular we consider a Z-basis ■ ■ ■ ^It' "^''j of r, and if 
not we subdivide r into simplicial and regular cones and take a Z-basis for one of these 
cones. Then the dual basis {l^r\ li^'""^} gives us a Z-basis compatible with the regular 
triangulation and the series ( |375| ) . Even though the choice of Z-basis of L is not unique, 
once a choice is made we refer to it as a Z-basis of L for the cone r with typical weight uj. 

Since the exponent jS is T-resonant for some regular triangulations, we do not have 
vol(A*(w)) linearly independent power series solutions, and so we need to search for the 
logarithmic solutions. The type of logarithmic solutions which arises for a given triangula- 
tion depends on the type of degenerations of the hypersurface hence on the monodromy of 
its period integrals. In general, the differential equations satisfied by the period integrals 



have regular singularities [^. Therefore we can determine the local solutions from the 
data of the leading terms of the differential equations - the so-called indicial equations. 
We expect that among the singularities, the quotient singularities can be resolved by toric 
method via a refinement - such as the Grobner fan - of the secondary fan( Conjecture 
13.2). Thus near these singularities, we should recover the data for our local solutions from 
the structure of the cones in the fan. 

Let us consider a power series solution ( p.5|) determined by a Z-basis ■ ■ ■ ^It' 
of L for a cone r with typical weight a; G r. We identify the toric ideal Xj^ in C[|/i, ■ ■ ■ , yp] 
with the ideal generated by {T>i} in C[^^, ■ ■ ■ , ^-]. While we will consider a multiplication 
of Di by the rational functions of a^'s extending the coefficient, we need to be careful with 
the noncommutativity resulting from this extension. Now let us consider an operator in 
the Grobner basis B^. li Vi e and uj ■ 1+ - u ■ I- > Q (< 0) then (^)^+ ( (£)^- ) is 
one of the generators for the ideal LT^^iTj). For the case u ■ {Is^ — > 0, we multiply Vi 
by a'+ to obtain 



Since w ■ (/+ — /_) > we have — /_ G r^. Since is generated by .., Z*^p~")}, it 
follows that a^+~^- in the second term can be expressed by a monomial of {xr^"*} which 
vanishes when Xt ^0. Other parts in (|3.18| ) are 'homogeneous' and can be rewritten 
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in terms of the log derivatives = ca-^- The same argument apphes to the case 
uj ■ (/+ — /_) < 0. Therefore the principal part of Vi which determines the local properties 
about xi'^^ = are given, through the generators of B^^, by 

where 1+ and I- in the right hand side for uj-{l+ — l-) > and a; •(/_(- — /_) < 0, respectively. 
Clearly we can express the principal part ( |3.19| ) as a polynomial IiiOa^, ■ ■ ■ , Oa^). In the 
gauge n = Ii[x^r \ ■ ■ ■ , "■■*) ( |2.14| ), using Xk = a^^*"' we can write 

IliOai: ■ ■ ■ ,Oap) = Jli^^W: ' ' ' 5 ^j:^^""') ' (3.20) 

where the right hand side is a polynomial in the 0^(k). Note also that Ji is homogeneous 
if the entries of l± are or 1. Due to the property of the Grobner basis, the principal 
parts ( p.20|) for the elements in B^^ give us a complete set of the indicial equations for p. 
Summarizing our results; 

Consider a local solution wo{xr, p) ( ^-^ with a Z-basis of L for a cone r 

with typical weight u. Then the indices p are determined from the finite set (3.21) 

of indicial equations Ji{p^\ ■ ■ ■ , p^ = 0, with — y^- G B;^. 



This results combined with the Frobenius method enables us to construct missing solutions 
in the general theorem(|3.4|) for the case of T- resonant. 



Now let us turn to the description of the intersection ring A*(Px;(a*)7 Z), which is 
isomorphic to the cohomology ring, iy^*(Pj](A*)7 Z) of the nonsingular projective toric 
variety Pe(a*)- In the following we assume Pe(a*) is nonsingular, which means that we 
take one of the finest subdivisions of the fan E(A*). Note that for the models of type I 
and II, such finest subdivision comes from a maximal triangulation Tq of the polyhedron 
A*. We have seen that Tq is also regular. In the next section, we will find that our results 
apply also to the singular models of type III with some modifications. 

In toric geometry, each integral point zv* (z = 1, ■ ■ ■ , p) in A* fl Z"' corresponds to an 
irreducible T-invariant divisor Di. It is known that if z^*^ , ■ ■ ■ , v*^ generate a cone in E(A*), 
the divisors Di^ ■ ■ ■ Di^ intersect transversally with the subvariety determined by the cone. 
Also there are linear relations among the toric divisors since we are working modulo the 



divisors of rational functions on Pe(a*)- It is then known that 
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For a compact nonsingular toric variety Pe(a*)7 the intersection ring 
A*(Ps(A*),Z) is described by Z[L>i, ■ ■ ■ , L>p]/X, where X is the ideal gen- 
erated by 

(i) Di^ Di^ for z^j* , ■ ■ ■ , z^*^ not in a cone of E(A*), (3.22) 

(^^) Y7r=Mi^t)D,forueZ''. 

We can fix the normalization of tfie 'volume form' in the ring by the property that the 
Euler number of Pe(a*) is equal to the number of the n-dimensional cones in the fan 
E(A*). This is the number of the n-simplices in the corresponding maximal triangulation 
To of the polyhedron A*. 

To related toric ideals to our previous discussion on the A*-hypergeometric system, 
we introduce a formal variable Dq and rewrite the intersection ring as A* {Py.{a*)i'^) — 
Z[Do, Di, ■ ■ ■ , Dp]/i, where we define X as the ideal generated by 

(i)' Di^--- Di^ for z^* , ■ ■ ■ , p*^ not in a cone of E((l, A*)), 
[iiY Eto(^^^t)D^forueZ^+\ 



The fan S((l, A*)) in [i)' is defined to be a set of cones over the simplices of the trian- 
gulations Tq of (1, A*). If the fan E(A*) is regular, so is the fan A*)), although the 
latter fan is not complete. 

Now note that the set of the generators (i)' is the same as the generators of the 
Stanley- Reisner ideal for the maximal triangulation Tq of A*. Note also the similarity of 



the linear relations (ii)' and the first order relations (|2.15| ) in the hypergeometric system. 
By ( |3.12|) the Stanley- Reisner ideal SRti^ is the radical of LTi^{I^), where u; is a weight 
with = Tq. In the following, we will show that the ideal LT^{Ij{) is radical. This allows 
us to determine the ideal LT^^{Xji), or equivalently the principal parts ( p.20|) of the A*- 
hypergeometric system that governs the local solutions, via a purely combinatorial object 
- the Stanley-Reisner ideal. As an immediate consequence we show that for the maximal 
triangulation, p = (0, ..,0) is the unique solution to the indicial equations. Furthermore 
we observe that the local solutions for the maximal triangulation Tq can be described by 
the intersection numbers. The latter are computable from the intersections ring ( |3.22|) . 
We will also see that the Stanley-Reisner ideal above can be easily computed in terms of 
the so-called primitive collections. 

To discuss the combinatorial description of the Stanley-Reisner ideal, we introduce the 
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notions of a primitive collection and a primitive relation [^. A primitive collection of a 
complete fan E(A*) is a set of integral vectors V = , z^'*^ , ■ ■ ■ , u*^ } such that if we remove 
any one of from V, then the integral vectors in V \ {i^*^} generate a cone in E(A*) 
while V itself does not generate any cone in E(A*). It is easy to prove that i) in ( |3.22| ) 
can be replaced by the monomials Di^ ■ ■ ■ Di^ corresponding to the primitive collections 
of E(A*). Once we fix a triangulation Tq which underlies the E(A*), it is straightforward 
to read off all primitive collections. So far we don't need the regularity of E(A*). But to 
discuss primitive relations, we must assume that E(A*) is regular. A primitive relation 
will be a certain element of L attached to each primitive collection. 

Consider a primitive collection V = {z^*^, zv*^, ■ ■ ■ , z^*^}. There is a unique cone C G 
E(A*) of minimum dimension such that the integral point + '^ia + ' ' ' + 
interior of C. By regularity, there is a set of generators {^^j^, ■■^^j^} of the cone such that 
for some positive integers c^, we have 

+ ■ (3-24) 

fc>i 

It is easy to translate the above statement about the fan E(A*) into a statement about 
the fan E((l, A*)), which is not complete but regular. We get 

^l+K + --- + ^l=T.'^'^^l ' (3-25) 

k>0 

where u*^ = Uq and cq = a — ^/j>i Ck > 0. Eqn. ( p.25|) defines a primitive relation 
1{V) G L. It is easy to deduce from the defining property of a primitive collection that the 
index sets {zi, ..,ia} and {jo, ••,js} are disjoint. 

Let w be a weight vector such that T^^ is the maximal triangulation Tq . Recall that the 
convex poly tope is defined by the convex hull of the points i>l := (wfc, ul) (/c = 0, ■ ■ ■ , p). 
Then we can show the following "height" inequality (z>j* + ■ ■ ■ + i'i^)o > {Yl '^ki^jk)^^ 

h > ^ CkUj^ . (3.26) 

This means that LT^{y^^'''^+ — y^*^^-*") = yiiyi2 ' ' ' Via- Since the Stanley-Reisner ideal 
SRt^ is generated by those y^^y'^'^ ■ ■ - y^" with {z^j* , z/*^, ■ ■ ■ , u*^} primitive, it follows that 
SRt^ C LT^{I^). Combining this with the property ( |3.12| ), we see that LT^(Tj\) is 
radical. Moreover we also have SRt^ = (y^'-^^+l V is primitive). 
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In the example P (2, 2, 2, 1, 1) discussed in the last subsection, we find two primitive 
collections {ul, 1^2, i^^}, for the maximal triangulation Tq and the corresponding 

primitive relations turn out to be l^^^ and Z*^^-* in ( |3.15| ), respectively. As is evident in the 
table 1, these primitive collections give the generators LT^{y + — y - ), (z = 1, 2) of the 
ideal LT^(T4) for the cone ri. 

Note that the above generators of SRtq are nothing but the leading symbols of a 
generating set of operators Vi of the A*-hypergeometric system. Combining with the 
operators Zi, we have a correspondence between the symbols of the full A*-hypergeometric 
system and the ideal I ( |3.23| ) for the intersection ring. This motivates the following map m 
from ^[Oaf^, .., 6ap\ to the intersection ring m : Oa^ ^ Di. Define the following intersection 
coupling, 

C^^^2■■■^r. = {l^i^^(^l))Md^(^2))---m{e^(i^))) , (3.27) 

where the bracket means taking the coefficient of the 'volume element' in the ring 
^*(Ps(A*)5 Z). Then we observe the following; 

If T is the cone in which T^^ (uj Et) is a maximal triangulation, then all 
the indices at the point Xt^ = {i = 1, ■ ■ ■ ,p — n) of the hypergeometric 
system are identically zero. And the local solutions near this point are given 
by 

(3.28) 

Wo{Xr,p)\p=.0 , dp^Wo{Xr,p)\p=0 , ^Ci^i^...i^dp,^dp,^Wo{Xr,p)\p=0, 

Yl ^^i^2-iAi,dp^^ ■■■dp^^wo{x^,p)\p=o . 

Recall that rad(LTt^(X_4)) = LT^iXjC) for the weight u such that T^^ = To, and that 
LT^iTjC) is generated by LTt_j[Buj). Since an element of the Grobner basis has the form 
yi+ — y^- , it follows that the entries of either vector l± are or 1. In either case, we see that 
the corresponding indicial equation Jz(pi, .., Pp-n) = is homogeneous. But the finiteness 
of the solution set implies that zero is the only solution. 



21 



Example: P('2,2,2, 1,1) 

As we have seen, there is one maximal triangulation Tq in ( |3.17| ) for the polyhedron 
A*. The corresponding cone is ri in table 1, and thus the Grobner basis B^o consists of 

,(1) 4 , ,(2) ,{2) , , 1 

y + — y - = 2/11/22/31/6 — 2/o cind y + — y - = y^y^ — y^. From this we obtain the leading 
term operators for ( p.20|) ; 



Jim - SaiOar, - Oy^^ 



(3.29) 



with the cprresponding linear operators 

= el {6,^^ - 26y^^ ) - xr, (46,^^ + 4) (46,^^ + 3) (46,^^ + 2) {46,^^ +1) 

3.30 

Since the generators of the Stanley-Reisner ideal is given by the primitive collections, it is 
easy to determine the intersection ring. The results for the intersection couplings are 

Cxxxx 2 , Cxxxy 1 7 Cxxyy Cxyyy ^yyyy ^ : (3.31) 

where Cxxxx = ("^(^x^^) ■ ■ 'T^iPx^^)) for example. From the indicial equations J;(i)(p) = 
J;(2) (p) = 0, we see that all indices at the point Xr^ = 2/ri =0 are zero. In fact we find the 
following 8 solutions with only one power series solution; 

wo{x,Q) ; dp^wo{x,Q) , dp wq{x,Q) ; {2dpJ' + 2dp^dp )wo{x,Gi) , dpJ'wo{x,Gi) ; 

(3.32) 

{2dp^^+?,dpJdp^)wo{x,Q), ap/«;o(x,0); (29^/ + 4a,/a,J«;o(x, 0) , 
where 

p) = \- r(4(n + px) + l) ^n+p m+p, 

(3.33) 

Because we have CiWo{x, p) = Ji{i){p)xP, {i = 1,2), it is easy to verify that ( |3.32| ) solve 
the hypergeometric system by inspecting (29p^^ + ^dpJ^dpy){Ji(i) {p)x'')\p=o = (i = 1, 2), 
for example. 

Similarly we obtain for T2 the principal parts (|3.20| ) in the n(a) gauge 

{4ex^^ - 4){4ex^^ - mox., - 2){4ex^^ - 1) , e^^ , (3.34) 

with = ' = l/a^n , 2/t2 = From these principal parts, we see that not all 

solutions to the indicial equations at = 2/t2 = are zero. Thus the local properties 
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of Ti and T2 are quite different. The fact that LT^(X_4) is radical in ri but not in T2 is 
responsible for this difference. 

3.4- Cohomology ring of Xa CLnd the local solutions 

We consider the restriction map -ff*(PE(A*)7 Z) H*{X/\, Z) induced by the inclu- 
sion Xa Pe(a*)5 and denote the image by H^^^-^{Xa, Z). The restriction map can be 
realized by considering the intersection of the elements of -ff*(PE(A*)7 Z) with the divisor 
Xa- By construction of the Calabi-Yau hypersurface Xa, the divisor class [^a] coincides 
with the anti-canonical class of the ambient space Pe(a*)5 namely 

[^a] =Di+D2 + --- + Dp , (3.35) 

in the intersection ring. The toric part of the cohomology H^^^-^{Xa,'Z') can then be 
written as A'^^^-^{Xa., Z) = A*(Pe(a*)5 'Zi)/Ann{Di + ■ ■ ■ -|- Dp) (where Ann{x) in a ring 
R is Ann{x) := {y G R\yx = 0}) or equivalently 

A*„,,,(Xa, Z) = Z[D^,D2,---, Dp]/I^^ot , (3.36) 

where Iquot is the ideal quotient Xquot = ^ '■ {Di -|- ■ ■ ■ -|- Dp). (Here (/ : x) = G R\yx G 
I}-) 



Now recall the close relationship between the ideal X in (|3.23| ) and the ideal of the 
symbols for the A*-hypergeometric system with respect to the cone r of maximal trian- 
gulations T^^. First we have 2guot = ^ '■ {Di + D2 + ■ ■ ■ + Dp) = J : (—-Do) = X : Dq. 
In fact we observe more: suitable linear combinations of the differential operators oJ'^'Di 
factorize from the left by the operator Oa^, implying that the hypergeometric system is a 
reducible system. Factorization by the operator should be understood as corresponding 
to the restriction to the hypersurface X^- As we shall see, the solutions to the factorized 
system can be obtained from (|3.28| ) by a similar restriction of the intersection couplings 
(cf. m{-ea,) = -Do = [Xa]). 



In cases of type II models, we observed that the quotient ( |3.36| ) results in setting to 



zero the divisors Di for which the integral points u* are on a codimension one face of A*. 
This can be understood as follows: the above divisors come from the desingularizations 
of point singularities of the ambient space; a hypersurface Xa in general position will not 
meet these singularities. In accordance with this 'decoupling' of the divisors it is natural 
to consider the lattice L' = {I G L\li = 0, u* is on a codimension one face of A* }. 
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We define a Z-basis ■ ■ ■ , /i^ " (n' = dimAwto(Ps(A*))) of L' of the reduced cone 
(R>o^i^'* + ■ ■ ■ + R>o/i^ n as follows. We make subdivisions of the reduced cone 
if it is not regular, in which case the Z-basis is not uniquely determined. However our 
observations in the following do not depend on this. We will call L' the reduced lattice, or 
the reduction of L. 

The decoupling of some divisor in the intersection ring implies that we can turn 
off the monomial deformation via ( which corresponds to the divisor under the 
monomial-divisor map[^). In fact we observe that these variables can be eliminated in 
the extended A*-hypergeometric system which is originally defined to act on functions on 
C"^ as follow. Recall that the GKZ A*-hypergeometric system is enlarged by adjoining 
n' — n additional linear differential operators Zi {i = n + 1, ■ ■ ■ , dimAwto(Pj](A)) = ^' in 
(|]21|)). This creates just enough equations to eliminate those operators corresponding 
to points u* on the codimension one faces, from the operators T>i {I E L). We may then 
set tti = after the elimination. We denote by !)[ the resulting new operators which act 
on functions on C"^ , where the set A! consists of all integral points on the faces with 
codimension greater than one. Note that the set {T>[\1 G L} is in general larger than the 
set {Vv\l' e L'}. 

We now define the intersection couplings on Al^^^^{X Z) by 

^4....„_, = M^.(n))m(^,(»,))---m(^ (.„_,)) -mM^J) , (3.37) 



then we may state the observation given in [10|as follows 



For a cone r with typical weight u, some of the operators cJ"^T>[ {I G L) or 
their linear combinations factorize by the operator 6a^^ from the left, indi- 
cating that the A* -hypergeometric system is reducible. If is a maximal 
triangulation, the local solutions about the point Xt^ = (z = 1, ■ ■ ■ ,p — n') 
for the reduced system are given by 

Wo{Xr,p)\p=0 , dp^Wo{Xr,p)\p=0 , ^Kf^i^,..^^_^dp^^dp^^WQ{Xr,p)\p=0 , 



(3.38) 



I] Ktl,^...,^_,dp^^dp^^ - ■ ■ dp^^_^Wo{Xr, p)\p=o . 
il ,i2,---i™-l 
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We also observe that in the case of Fermat hypersurfaces, the operators cJ^^T^^ which 
factorize whose leading term generate the ideal 'Iquot can be constructed from operators 
Vi in the Grobner basis B^. However for general models of non- Fermat type we need to 
consider operators a^^T>[ outside the basis B^j as well as their linear combinations with 
coefficients in the ring generated by the (see examples in sect. 4). 

Examples: 



1) P(2, 2, 2, 1, 1): We have seen a unique maximal triangulation Tq in (|3.17| ) and have 



constructed local solutions for the corresponding cone in the Grobner fan. Now we note 



(1) 



that = — (6*01 + ■ ■ ■ + Oafi) = —A9x^^ ■ It is easy to observe that the operator a + Vni) 
expressed in the n(a) gauge factorizes from the left by = —49^;^^, i.e., Ci = 9x^^O 
in (13.301 ) for some third order operator O. If we write the the divisor m{9x^^ ) as and 
similarly for J^, the topological data for the solutions are summarized as follows: 

K''^ = 8 K""^ = 4 K'''' = K""^ = 

XXX ^ ' xxy ' xyy yyy ^ , 

(3.39) 

C2- Jx = 56 , C2 • = 24 , 
where the invariants C2 ■ J's are listed for later use. For their calculation we use the 
adjunction formula[|il;c(XA) = nLi(l + A)/(l + [^a])- 

2) P(7, 2, 2, 2, 1): The toric data of this model have been summarized in the end of the 
previous section. Although this model has the same moduli as the above model, two 
integral points on the co dimension one face make the combinatorics of this model much 
more complicated. It turns out that there are 14 elementary relations which generate the 
zonotope and there are 2,154 elements for the universal Grobner basis. The secondary 
fan has 32 four dimensional cones, most of which are singular. 

It seems to be a formidable task to determine the Grobner fan, however it is easy 
to find the maximal triangulation of A* and the corresponding Stanley-Reisner ideal. As 
proved in the previous subsection, for a weight iv such that T^^ is the maximal triangulation, 
we have LT^^iTjO = rad(LTi^(X4)) = SRt^ and we can determine the ideal LT^{X_a) by 
the Stanley-Reisner ideal which is simply described by the primitive collections. In this 
case, it turns out that the ideal LT^{2jCj = SRt^ is generated by 

yiy5 , 2/12/7 , 2/12/8 , 2/52/8 , 2/62/7 , 2/62/8 , 

(3.40) 

2/22/32/42/5 , 2/22/32/42/6 , 2/22/32/42/7 ■ 



These generators may be translated into the generators (i)' in ( |3.23[ ). Then together with 
the linear relations [ii)' in (|3.23| ), they define the intersection ring of the ambient space. 
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We find that the ideal Tquot = ^ '■ (Di + ■ ■ ■ + Dg) as defined earlier is generated by the 
monomials 

DiD^ , DsD^De , Dj , Ds , (3.41) 

with the linear relations [ii)'- The divisors Dj and -Dg in (|3.41| ) being among the generators 
show that these divisors decouple from the intersection ring. 

We find that a Z-basis of L for a cone r with the typical weight u is l^^} 

with 

= (-1, 0, 0, 0, 0, -1, 1, 1, 0) , = (0, 1, 0, 0, 0, 1, -2, 0, 0) , 

(3.42) 

= ( 0, 0, 1, 1, 1, 0, 0, 1, -4) , = (0, 0, 0, 0, 0, 1, 0, -2, 1) . 



The intersection of the cone generated by (|3.42|) with is a two dimensional regular cone 



generated by /(^^ = 7/[^^ + + A^r^ = (-7, 0, 1, 1, 1, -3, 7, 0, 0) and = 

The form of our generators of Iquot suggests that we should try to factorize the 
following differential operators 



T) d d ( ^ \2 
P ^ _d d d d d d 

^{2,3.4,6} Q^^ Q^^ Q^^ Q^^ Q^^ Q^^ 



(3.43) 



where /{i,5} and ^{2,3,4,6} ^i^s the primitive relations corresponding respectively to the 
primitive collections {z^i , z^s) and {zv2 , z^3, z^|, z^g}. Although the second operator contains a 
derivative with respect to ag, we can eliminate it using the order one operators Z^^ and Z^^ 
corresponding to the automorphisms (p.21|) . Defining the local variables x = —0}^ ^ y = 



we observe the factorization of the operator 9ao in aQa2a3a4aQ'Di^^ 3 ^ gj^, and find 
a complete set of differential equations for the period integrals: 

Pi = (Oy - 3e,)ey - y{7e^ - 20^ - 1)(7^, - 2ey) , 

V2 = el{76^ - 26y) - 7x {y{2W^ - 46y + 18) +6y- 36^ - 2)) (3.44) 
X {y{28e^ - AOy + 10) ^Oy- 36, - 1) (y(28^, - 46y + 2) + 6y- 36,) , 

in the n(a) gauge (p.l4| ). The local solutions of this system are given by with the 

following topological data; 

■jy-cl — 2 K'^^ = 7 K'^^ = 21 K'^^ = 63 

XXX 1 xxy ' ' xyy ' yyy 

(3.45) 

C2 ■ Jx = 44 , C2-Jy = 126 . 
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3. 5. Singular models of type III 

In the previous subsections, we have considered the non-singular models, i.e., models of 
type I and II in our classification ( p.l6|) . However in actual applications, singular models 



dominate the others. We will see, nevertheless, that several properties observed in the 
previous subsections apply with some modifications even to the singular cases. 

Since a complete analysis of the secondary (Grobner) fan for A* is formidable in 
general (cf. the example P(7, 2, 2, 2, 1)), we focus only on the Calabi-Yau phase(s) which 
corresponds to maximal triangulation(s). For the nonsingular models of type I and II, 
we have seen that the ideal LT^iTj^ for a maximal triangulation T^^ coincides with the 
Stanley- Reisner ideal. For the singular models of type III however, the ideal LT^iXX) differ 
from its radical and from the Stanley- Reisner ideal because E(A*) is no longer regular. 

For a singular model, the fan E(A*) is singular even relative to the maximum subdi- 
vision incorporating all integral points in A*. To obtain a regular fan, which we denote 
as E(A*)j,g^, we subdivide further the singular cones taking into account integral points 
outside the polyhedron A*. Since the polyhedron A* is refiexive, the integral points which 
generate an n-dimensional cone in E(A*) are on a hyperplane with integral distance one 
from the origin. Moving this hyperplane in a parallel way to the integral points outside A*, 
we can speak of the integral distance of these points. For the hypersurfaces Xd{w) in ( |2.1|) , 
a point with the integral distance /c > corresponds to a monomial of the homogeneous 
degree kd. 

Let us denote all the integral points generating the one dimensional cones of E(A*)^g^ 
as {z^^, ■ ■ ■ , z^*, Vpj^ii ■ ■ ■ , z^*} where t'p+i, • • ■ , are those new points introduced by the 
subdivision. (Note that even though the new points have distance greater than 1, they are 
still primitive vectors of the lattice.) Since we have a nonsingular toric variety Pe(a* ) ■, we 
can describe its intersection ring according to (|3.22|) with additional divisors -Dp+i, ■ ■ ■ ,Dq. 



It turns out that the divisor class of the Calabi-Yau hypersurface Xa in this fully resolved 
ambient space is given by 

[Xa] =D^ + --- + Dp + dp+iDp+i + ■■■ + dqDq , (3.46) 

where dk is the integral distance of the point described above. We should note that the 
regular fan E(A*)^g^ need not be the fan associated with a triangulation of the polyhedron 
A'* := Conv.dz/J", ■■■,//*, T^p^i, ■ ■ ■ , i^q})- Therefore in general, we do not have a descrip- 
tion ( |3.22| ) of the intersection ring via the Stanley- Reisner ideal in terms of a triangulation 
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of A'*. However in many cases, it happens that the convex huU A'* is itself a reflexive 
polyhedron. In such a case we have another family of Calabi-Yau manifolds X^/ in the am- 
bient space Pe(A'*)- This ambient space is in general different from Pe(a*) • However if 
we have the relation E(A'*) = E(A*)^g^, then we will have two different families of Calabi- 
Yau hypersurfaces in the same ambient space Pe(A'*) = Pe(a*) • One hypersurface X/\ 
represents the divisor class ( ^.461 ) and the other hypersurface X/\' represents 

[Xa'] =Di + --- + Dp + Dp+i + --- + Dq . (3.47) 

We will see an example of this type in sect. 4. 

Now let us see the detailed analysis in a typical example Xi2(4, 3, 2, 2, 1) which was 
analyzed in [^. The polyhedron A{w) for this model has vertices 

lyi = (2, -1, -1, -1) , z/2 = (-1, 3, -1, -1) , z/3 = (-1, -1, 5, -1) , 

(3.48) 

ly^ = (-1, -1, -1, 5) , = (-1, -1, -1, -1) , 

with respect to the basis Ai, ■ • ■ , A4 for the lattice H{w) as in (|2.17| ). The integral points 
in the dual polyhedron A*{w) are as 

z.* = (1,0,0,0), z.* = (0,l,0,0), z/3* = (0,0,l,0), z/: = (0,0,0,l), 

(3.49) 

i^; = (-4, -3, -2, -2) , ly; = (-2, -1, -1, -1) , 

together with the origin Uq = (0,0,0,0). The maximal triangulation of the polyhedron 
A*{w) is unique and is given by 

To = {(0, 3, 4, 5, 6), (0, 1, 3, 4, 5), (0, 2, 3, 4, 6), (0, 1, 4, 5, 6), 

(3.50) 

(0, 1, 3, 5, 6), (0, 1, 2, 4, 6), (0, 1, 2, 3, 6), (0, 1, 2, 3, 4)} . 

It is easy to see that the corresponding fan E(A*) is not regular because the first three 
simplices in Tq respectively have volumes 2,3, and 2. We subdivide the first cone by intro- 
ducing a point z/7 = '^^^'^'^ -f- Similarly by introducing = '^'^^^'^■^ -f '^^ '^^'^^ and 
^9 = '^^ ^'^3 +'^5 fQj. ^]^g second cone and = ^^^^'^ -\- ^'^3+^5 fQj^ ^j^g third cone, we 
finally obtain the regular fan E(A*)^g^. All these additional points z^^, ■ ■ ■ , zv*q have inte- 
gral distance two and correspond to the charge two monomials Z2z1z\z^, zlz^zlz^, ziz^zfz"^ 
and zl^l^lzf, respectively. The generators (z) in ( pi.22| ) are determined by the primitive 
collections for the fan E(A*)^g^, and there are 20 such generators. Together with the lin- 
ear generators [ii) in (|3.22| ), these determine the defining ideal I for the intersection ring 
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A*(Ps(A*)^^J- The ideal quotient by [Xa] = I^i H \-Dq+2{Dy^ hl^io) determines 

^torici-^A)- It turns out that 2quot is generated by 



D2D5 , DiDsDe , D7, Ds, Dg, Dio , (3.51) 

together with the linear relations (m). The generators Dg, Dg and Diq indicate that 
these divisors decouple from the intersection ring. This can be understood as follows: the 
additional points z^^ , ■ ■ ■ , u^q represent point singularities in the ambient space and the 
divisors D^, ■ ■ ■ , Diq resulting from the desingularization of these points do not intersect 
with the hypersurface Xa in general position. 

Now let us turn to the set of the convex piecewise linear functions over the fan 
E(A*)^g^, i.e., the Kahler cone of PE(A*)^^g (see ||3^). Since the regular fan E(A*)^g^ 
does not come from any triangulation of the polyhedron A'* (In fact we verify E(A*)^g^ 
has 21 four dimensional regular cones whereas vol(A'*) = 24.), the Kahler cone so obtained 
cannot be interpreted as a cone of the secondary fan for A'* . It is straightforward to find 
a Z-basis for the dual cone of Kahler cone r and we have 

/(I) = (-1, 0, 0, 1, 1, 0, 0, 0, 1, -2, 0) , = (-1, 1, 0, 0, 0, 1, 0, 0, -2, 1, 0) , 

= (-2, 0, 0, 1, 1, 1, 1, -2, 0, 0, 0) , = (1,0, 0, -1, -1, -1, 0, 1, 0, 1, 0) , (3.52) 
= (-2, 0, 1, 1, 1, 0, 1, 0, 0, 0, -2) , = (2,0, 0, -1, -1, 0, -2, 1, 0, 0, 1) . 

The decoupling of the divisors L>7, ■ ■ ■ , Diq in (|3.51| ) corresponds to reducing from L 
to the the lattice L' generated by Z^^) = 4/^^^ + 2/^^^ + 3/[^^ + 3/^^^ and Z^^) = ^^(^5) ^^^(fi) 
with 

/(I) = (-6, 2, 0, 1, 1, -1, 3, 0, 0, 0, 0) , = (0, 0, 1, 0, 0, 1, -2, 0, 0, 0, 0) . (3.53) 

We verify that the above basis for the reduced lattice generates the cone /C(^, Tq) dual 
to C'{A,To) for the maximal triangulation Tq of A*. However this is not a general phe- 
nomenon as we will see in the example ^14(7, 3, 2, 1, 1) presented in sect. 4. 
The operators Vi we deduce from the first two of (|3.51 ] 



are 



d d d 

(3.54) 



^<''^> da2da5 ^dae' 



{1,3,4,6} Q^^ Q^^ Q^^ Q^^ Q^^ Q^^ 

^ 7(5) ^ 07(6) 1^ _ . _ 07(1) ^ 7(2) ^ 7(3) ^ 07(4) 



where ^{2,5} = + D- ' + 2l'r ' and /{i,3,4,6} = 21)-"' + It' + Ir' + 21^' are primitive 
relations for E(A*)^g^. These two operators are the analogues of (|3.43|) of the nonsingular 
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model, but with one crucial difference. In this singular case, we do not have an order one 
differential operator in the extended A*-hypergeometric system to eliminate In order 
to eliminate this we must study the Jacobian ring of the hypersurface in detail. In [§], a 
second order operator was found which has the form 

d d 12aia2^ d ^2 24aia2a6 d d 12aiag d d 

(0.00 J 



dao dag Qq dao dao dae af] dao da^ 

when acting on the period n(a), see eq.(3.39) in [^. Using this relation and the definition 
X = a'^ '' and y = a''^ \ a, third order differential operator is derived from 3 after 
a factorization Oj; from the left. As is evident, the linear differential operators represent 
relations among the monomial with the homogeneous degree d or the charge one in the 
Jacobian ring. In contrast, the differential operator ( |3.55|) represents a relation among the 
monomials of charge two. While the order one differential operators have been related to 
the symmetry of the period under automorphisms and thus to the combinatorial data of 
the polyhedron A*, the form of the operators for the charge two monomials above do not 
have a clear description in terms of the combinatorial data. This is a typical feature we 
encounter in the analysis of the singular models. We observe that despite having to use 
charge two operators to factorize T>i, the principal part of the factorized operators still 
coincide with those monomial generators of the defining ideal Iquot for A'^^^-^{Xa) - just 
as in the case of type I, II models. This means that the structure of the local solutions 
are not affected by the usage of the charge two operators. That is, the same properties in 
( p.38|) hold for type III models as they do for type I and II models. In our example here, 
the local solutions are described by the following topological data; 

ly-cl _ 2 rrcZ _ o jy-cl _ o jy-cl _ o 
XXX 1 xxy ' xyy ^ i yyy ^ i 

(3.56) 

C2 ■ = 32 , C2 ■ = 42 . 

We verify that the convex hull of the points {zv^, ■ ■ ■ , z^*q} is again reflexive and de- 
fines a family of Calabi-Yau manifolds X^i with Hodge number s( |2.5| ) /i^'^(Xa') = 6 and 
/i^'^(Xa') = 71. Thus this is a case in which a polyhedron A* results in topologically 
distinct Calabi-Yau manifolds Xa' and Xa sitting inside two distinct ambient spaces (be- 
cause E(A*)^g^ 7^ E(A'*) as we have seen). In fact X^' is not even in the list of 7,555 
Laudau-Ginzburg models of |^ . 

Finally let us calculate the Stanley- Reisner ideal for the triangulation Tq in ( p.50|) . It 
is straightforward to see that the ideal is generated by 

D2D5 , DiDsD^De . (3.57) 
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Since the model (or the fan E(A*)) is only simplicial but not regular, the odd homology 
groups of the singular toric variety can have torsion. Thus we consider the homology groups 
over Q. Then the groups are given by the intersection ring ( p.22|) ^*(Pe(a*)5 Q) over Q. 



Thus it is Q[-Di, ■ ■ • , Df^jT with the ideal X generated by (|3.57|) and the linear relations 



among the vertices {vx-, ■ ■ ■ , z^l} as in [ii) of (|3.22|)[p8i . The normalization of the "volume 



form" of this ring becomes less clear because the Euler number of the singular Pe(a*) is not 
given simply by the number of the cones with maximal dimensions in E(A*). However we 
know that the hypersurface in general position does not meet the point singularities of 
the Pe(a*)5 and the hypersurface divisor class is given by [^a] = -Di H — - + -06. Therefore 
we naturally introduce a normalization of -4.*(Px;(a)7 Q) using the Euler number of the 
hypersurface, rather than that of the singular ambient space: 

^^^^{X^\\,^, = 2{h^^\X^)~h^^\X^)) . (3.58) 

Here we evaluate the component of the top degree on the left hand side and we use the 
Hodge numbers /i^'^(Xa) and /i^'^(XA) in (|2.5|). In the left hand side, we adopt the 



expression ]^(1 + D^) for the total Chern class which is justified for the nonsingular 
Ps(A*)7 but naively extended to our singular case. We have verified experimentally that 
the normalization ( |3.58| ) indeed results in the right topological couplings and the linear 
form C2 ■ J's. We may summarize our observation in general. 

For a smooth Calahi-Yau models X/\ in a singular toric variety PsfA*)? ^he 
intersection ring ^J'„^-^(Xa, Q) is given by ^*(Pe(a*)7 Q)/Ann{Di H h 



Dp) with the normalization determined by ( S.SSj ). 



The effect of taking quotient by Ann{Di + ■ ■ ■ + Dp) may be replaced by the ideal quotient 
Iquot = X : {Di + ■ — h Dp) as in the nonsingular case. In our example, it is easy to derive 
the first two of (|3.51|) from ( |3.57| ) via the ideal quotient. 



Finally we note that all notions in the theory of toric ideals apply to the singular cases 
as well. Therefore it would be helpful to compare the Grobner fan of a singular model 
with that of a nonsingular model. By an analysis similar to ( |3.15| ), we obtain the following 
elementary relations for the model P(4, 3, 2, 2, 1); 

/(I) = (-6, 2, 0,1, 1,-1, 3) , /(2) = (0, 0,1, 0,0, 1,-2) , 

(3.60) 

/(3) = (-6, 2, 1,1, 1,0,1) , /(4) = (_i2,4,3,2,2,l,0) . 
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The universal Grobner basis are determined from the zonotope Vj[ as 

i^A = {ylvlytylybvl - yl^, ylyhlyly^ya - yl^^ 

yfyhlylyl - yl^ya^ ytylyhly^ - yl^. yfysy^yi - 2/02/5, (3.6i) 
2/12/22/32/42/6 - yt ylyly^y^y^ - yoye, 2/22/5 - yi}- 

In table 2, we present the cones in the Grobner fan with the ideals of the leading terms. 
There the cone ri corresponds to the maximal triangulation Tq ( p.50| ) and should be com- 



pared with Ti in the table 1. The difference we should note is that the ideal LT^{IX) is not 
radical and does not coincide with the Stanley- Reisner ideal ST^. To see the consequence 
of this fact, recall that the generators of the ideal LT^^{Ij\) may be mapped to the symbol 
of the differential operators Vi by (|3.19|) . As we see in the table 2 explicitly, we simply 



obtain higher order differential operators rather than ( |3.54D . 



cone weight oo LTi^iTX) rad(LTt^(T4)) 



ri (0,1,1,0,0,0,0) {yly2y?.ym,yiy^y^yliy2y5) {yiy?.yAy&,y2yb) 

T2 (0,0,2,0,0,1,0) (2/f2/22/32/42/6, 2/02/5,2/22/5) (2/12/22/32/42/6, 2/02/5, 2/22/5) 

rs (1,0,0,0,0,1,0) (2/22/5,2/0) (2/22/5,2/0) 

U (1,0,0,0,0,0,1) {ylvi) (1/0,2/6) 

T5 (1,0,0,0,0,0,7) (yf2/22/32/42/6, 2/i,2/o2/6,2/o^) (2/0,2/6) 

Tq (0,0,0,0,0,1,3) (2/i,2/o2/6,2/?2/22/32/42/6, 2/t2/i2/i2/|2/5) {yG^ymysyAyb) 

T7 (0,1,0,0,0,1,1) (yi,2/?2/22/3 2/42/6, 2/?2/i2/32/42/5) (^6, 2/12/22/32/42/5) 



Table 2. Grobner cones with typical weights for P(4, 3, 2, 2, 1). 

The first cone corresponds to the maximal triangulation Tq in the text. 
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4. Applications to Mirror Symmetry and Mirror Map 

In application to mirror symmetry, the secondary fan can be regarded as a collection 
of different phases of a type II string theory compactified on a Calabi-Yau manifold (see 
for example [^5| ||4^]). The triangulations of A* which induce different subdivisions of the 



fan E(A*), and their corresponding cones in the secondary fan are known to have a clear 
physical meaning in terms of orbifold as well as the smooth Calabi-Yau manifold. Among 
them, the maximal triangulations of A* or the finest refinements of the fan E(A*) con- 
stitute the Calabi-Yau phase. In this phase we have the large radius limit of the smooth 
Calabi-Yau manifold where the non-perturbative instanton corrections are suppressed ex- 
ponentially. The structure observed in (|3.38| ) is consistent with the quantum cohomology 
ring near the large radius limit. 

In this section, we use several models to show how our general framework applies. 

4-1- Quantum cohomology ring 

Quantum cohomology ring is one of the nontrivial consequences of the local opera- 
tor algebra of the type II string theory compactified on a Calabi-Yau threefold. In N=2 
string theory, two different kinds of the local topological operator algebras, called (a, c)- 
and (c, c)-ring, correspond respectively to the if^'^-type cohomology and the if^'^-type 
cohomology in the topological a-model |^. On physical ground, the (a, c)-ring re- 



ceives quantum corrections from a-model instantons whereas the (c, c)-ring does not [21 
Mirror symmetry which exchanges the two provides a powerful hypothesis to determine 
the quantum cohomology ring in terms of the (c, c)-ring: 

©io^r(^A) = ©Lo^'"^'^(^A*,a) , (4.1) 

where q in the left hand side represents the quantum deformation and a in the right hand 
side represents the classical deformation of the mirror hypersurface in ( p.4|) . More precisely, 
we may regard the right hand side as the Jacobian ring of the mirror hypersurface and we 
can use the theory of variation of Hodge structures to study this side. The isomorphism 
can then be realized in terms of the fiat coordinates on moduli spaces. This map is called 
the mirror map. It is known that the mirror map has many remarkable properties such as 
modular property, integrality in the g-expansion e.t.c.[p.3|. 



In the classical limit, the instanton corrections in the quantum cohomology ring are 
exponentially suppressed. The monodromy of the periods near the limit is maximally 
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unipotent 0. This is the property we estabhshed in general in ( p.38| ) for any maximal 
triangulation of the polyhedron A* of type I or II. It is found in P] |jT^ that if we define 
the local variables via the basis {l^'^^} of the Mori cone by 



X, = i-lfo^^^"^ , (4.2) 



then we may express the mirror map as 

where qj = e'^^^^K The inverse map is denoted as Xk = Xk{q)- The quantum couplings 
are related to the geometrical couplings Kijk{x) := / A didjdk^{x) - Q{x) being the 
holomorphic threeform - by 

^^.^(5) = (^) E ^^-^(-)^^lf U=-(.) ■ (4-4) 

l,m,n ■' 

Special geometry in the if^'^-moduli space enables us to express the same couplings using 
the so-called prepotential F{t) [^: 

For the prepotential, there is a concise formula given in based on the local structure 

= {«'o(x)I5(')«;o(x) + ^I5W«;o(x)I^r^«'o(x)}U,=.,(,) , (4.6) 

where we define 

= d,, , Dp) = \Y.Kt^d,^d,^ , D(^) = -\Y. KtLndpA,Jp^ ■ (4-7) 

ra,n l,m,,n 

It is also observed that the prepotential defined above has the following asymptotic form 
with topological data in the leading terms, i.e., 

m = 5 E At.w.'^ - E - + , (4.8) 

i,j,k k 
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where x is the Euler number of and the 0{q)- terms represent the quantum corrections. 
The first example understood was the case of the quintic in studied by Candelas et 
al[|ll. We denote by N'^{d) the predicted number of a-model instantons with multi degree 
{di, ■ ■ ■ , dh'^,i). The genus one (string 1 loop) topological amplitude [l50(|, has the form 



^ io.{(-L)-x/>.||^^^n^-? n^'K (4.9, 



where the disj are irreducible parts of the discriminant of the hypersurface X/^ and rj and 
Si are some parameters to be fixed by the asymptotic form of the topological amplitude. 
It is known that the amplitude has an expansion of the form 



=const. - ^ X^(c2 ■ Jk)ik 

^ (4.10) 



{2iV-(ci)log {^liq")) + ^iV'^(rf)log(l - q")] 



where = qf"" ■ ■ ■ q'^i^i^ and the number N'^(d) is the prediction for the number of 1 loop 
instantons, i.e., elliptic curves in the Calabi-Yau manifold X/^ with multi degree n. 

In the following, based on our general observation ( |3.38| ), we analyze the large radius 
limit. In this paper, we will be mainly concerned with the determination of the Picard- 
Fuchs operators from which we can determine the quantum corrections in a straightforward 
way. For example we can calculate the quantum corrected yukawa couplings ( |4.4D using 
the Mathematica program INSTANTON appended to |]T^ . The required input data come 
from the Picard-Fuchs operators and the classical couplings given here in appendix C. For 
interested reader, a complete list of the Picard-Fuchs operators for the Calabi-Yau hyper- 
surfaces with /i^'^ < 3 is appended in the source file of this text The determination 



of the numbers N'^^d) is a little involved because we need to know the form of the dis- 
criminants of the hypersurfaces and need to fix unknown parameters and Si in ( [4.9|) . 
We will list, in the appendix to the source file, the form of the discriminants for some 
of our models. However the detailed analysis, together with the analysis of the conifold 
singularities where one Calabi-Yau model may be connected to another (cf. [0) will 
be presented elsewhere. 
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J^-.2. Selected Examples 
X()(3, 2, 2, 1, D^igg 

This is a singular model of type III. The polyhedron A{w) for this model has the 
vertices 

^^1 = (2, -1,-1,-1) , z.2 = (-1,3, -1,-1) , z.3 = (-l,3,-l,0) , 

^^4 = (-1,-1, 3,-1) , z.5 = (-1,-1, 3,0) , z.6 = (-1,-1, -1,8) , (4.11) 

^^7 = (-1,-1, -1,-1) , z^8 = (0,2, -1,-1) , z.9 = (0,-1, 2,-1) , 

with respect to the basis {Ai, ■ ■ ■ , A4} for the lattice H{w) defined after ( ^.IT] ). Then the 
vertices of the dual polyhedron A*{w) are given by 

z.* = (1,0,0,0) , z.* = (0,1,0,0) , z/3* = (0,0,l,0) , 

(4.12) 

z.: = (0,0,0,l) , z.* = (-3, -2, -2, -1) , z.* = (-1,-1,-1,0) . 

There are no integral points inside the polyhedron except the origin. For the maximal 
triangulation of A*{w), we obtain 

To = {(0, 3, 4, 5, 6), (0, 2, 4, 5, 6), (0, 1, 3, 5, 6), (0, 1, 2, 5, 6), (0, 1, 3, 4, 6), 

(4.13) 

(0, 1, 2, 4, 6), (0, 2, 3, 4, 5), (0, 1, 2, 3, 5), (0, 1, 2, 3, 4)}. 

This triangulation induce the fan S(A*), however the resulting fan is singular be- 
cause the simplex (0,2,3,4,5) has volume three. In fact we find two integral points 

_ (.;+.3*)+2(.:+.;) _ (_2^_i^_i^o) , = = (-1,0,0,0) which are 

inside the cone spanned by 1^2 ^ 1^3 ^ ^4 z/5 but outside the polyhedron, indicating that 
this model is of type III. As described in the previous section, we subdivide the fan E(A*) 
by and to obtain a regular fan E(A*)^g^. The intersection ring A*(Px;(A*)^^g, Z) is 
described by the ideal (z) in ( p.22|) with generators 

(4.14) 

D2DSD7 , D^D^Ds , D2D3D4D5 , 

and the linear relations [ii) among the integral points Ui, - ■ ■ ,Ug. The hypersurface divisor 
[Xa] = Di + ■ ■ ■ + Dq + 2D7 + 2L>8 determines the ideal quotient Tquot- It is generated by 

D4D5-D4De + 4DsDe , DiD^D^ , D7 , Ds , (4.15) 
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together with the hnear relations. Starting from those operators Vi whose leading terms 
match ( [4.14|) (under the correspondence ^ -Di(z = 1, ■ ■ ■ we can derive the Picard- 
Fuchs operators via some nontrivial factorizations. 

We first note that the generator D1D4D5 induces /{i,4,5} = (—1, 1, 0, 0, 1, 1, —2, 0, 0) 
in L. From this we immediately see that the operator 

^ _ _d d d .4^gN 

^{1,4,5} daida^da^ dao \da6 J 

is one of the Picard-Fuchs operators. To find the other, we need to derive the following 
relations from the analysis of the Jacobian ring of the hypersurface; 

d d 3ai { d \^ ao d d 



dao da-j \dao J ae dao dag 

(4.17) 



d d 8010405 f d \^ 000405 d d 



dao dag I602O3O6 \daQ J I602O3O6 ^04 ^05 
^ 00O4 d d ao d d 
I602O3 9o4 dae 4o2 ^03 dag 

The derivation of the above relations may be done most efficiently by representing the 

hypersurface in terms of the homogeneous coordinate of P(3, 2, 2, 1, 1); 

W = zf + ztz4+zlz5+zl + zl . (4.18) 

The mirror of this hypersurface, whose period we are analyzing, can be constructed by the 
transposition argument of Berglund and Hiibsch [|3^. We consider the orbifold W/Z4 x Zg 



with the transposed potential W. Relating to our toric description, we may write the 
transposed potential 

W = aizf + 02^2 + "^3^3 + ^4-22^4 + 0-5^3^1 + aoZiZ2ZsZ4Z5 + aQZizjz^ , (4.19) 

which is regarded as the degree 12 hypersurface in P(4, 3, 3, 1, 1). Then the integral 
points I'j.i'l are mapped, respectively, to degree 24 (charge two) monomials z^zlz^z^ 
and Z2Z^zlz^ under the monomial-divisor map ||43|| . The equations in ( [4.17| ) represent the 



relations among the charge two monomials in the Jacobian ring C[zi, - ■ ■ , Z5]/{dW). 

We now focus on the generators -Di-Dg and DqDj which correspond to the primi 
tive collections whose primitive relations are /{i,8} = (—2,1,0,0,0,0,0,0,1) and ^{6,7} = 
(0, 0, 0, 0, -1, -1, 1, 1, 0) in L. We find that the operator 

,oi 020306 d ^ 02030^ d 

ao dao ^^^'^^ o-o 9ao 



^ - — : —^^{1,8} I^Tw^^ie.T} (4.20) 
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has the property that aoOIl{a) = {9ao — 2)X>2n(a). Using this we obtain a complete set of 
the Picard-Fuchs operators in the 11 (a) gauge 

y) 



V2 = {6^ - Oyf + {e^ - Oy) {W^ - 2ey) + {36^ - 26 



(4.21) 

- A8xy {36^ - 2ey - 1) (36^ + ey + l)-3y {36^ - 2^^ - 1) (3^, - 2ey) 

- 48xy {39^ + 9y + 3) [36^ + + 1) - 16a; [9^ - 9yf , 

where x and y are defined by using the basis /^^^ = (-3, 0, 1, 1, -1, -1, 3, 0, 0) and 

= (-1, 1, 0, 0, 1, 1, -2, 0, 0) generating the Mori cone in the reduced lattice {I ^ L \ Ij = 
/s = }. 

Using the hypersurface divisor [X/^] = Di + ■ ■ ■ + Dq + 2Df + 2Ds we determine the 
following topological data 



= fi K'^^ = Q K'^^ = 1 3 K'^^ = 1 7 

XXX " ' ^^xxy ' ^^xyy i VVV ' ' , , 

(4.22) 

C2 ■ = 48 ,C2- Jy = 74. 



According to the general form ( |3.38| ), these topological data determine the local solutions 
of the Picard-Fuchs equations (|4.21| ) near x = y = 0. We notice that this model has 
the same Hodge numbers as the model X8(2, 2, 2, 1, l)^j^gg. However there is no linear 
transformation which relates the topological data: the cubic and linear forms of the two 
manifolds. By Wall's theorem |]5^ we see that the two manifolds are topologically distinct. 



Non LG model related to Xq(3. 2. 2. 1. l)^]..g 

For the model analyzed in the last subsection, we can verify that the polyhedron 
A'* = Conv.({z^*, ■ ■ ■ , i^g}) is refiexive and the complete fan E(A'*) for a triangulation of 
A'* (,i.e., the triangulation Ta below) coincides with E(A*)^g^. Therefore we have another 
family of Calabi-Yau hypersurfaces X/^/ in the same ambient space Pe(A'*) = PE(A*)^^g- 
The hypersurface represents the divisor class 

[^A'] = Di + --- + De + Dr + D8 . (4.23) 

The dual polyhedron A'* is the convex hull of the points z/^, ■ ■ ■ , z/|. The polyhedron 
A' has vertices 1^2, z^s, ■ ■ ■ , z^g (the corner ui is deleted) and 

1.10 = (1,-1, -1,2) , z^ii = (1,0,-1,0) , zyi2 = (l, 0,-1,-1) , 

(4.24) 

Z.13 = (1,-1, -1,-1) , Z.i4 = (1,-1, 0,0) , Z.i5 = (1,-1, 0,-1) . 
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By the formula (2^), we know that Hodge numbers of X/^i are /i^'^ = 4 and /i^'^ = 85. It 



turns out that this model is not in the list of p5|. Also this model gives an example of a 
topology change due to flop operations . 

There are 37 triangulations for the polyhedron A'* and among them two triangula- 
tions give us different resolutions of the ambient space. The flrst one is the triangulation 
corresponding to the subdivision E(A*)^g^: 

Ta = {(0, 3, 5, 7, 8), (0, 2, 5, 7, 8), (0, 3, 4, 7, 8), (0, 2, 3, 5, 8), (0, 2, 3, 4, 8), 

(0, 1, 3, 5, 6), (0, 1, 2, 5, 6), (0, 1, 3, 4, 6), (0, 1, 2, 4, 6), (0, 1, 2, 3, 5), (4.25) 
(0, 1, 2, 3, 4), (0, 3, 4, 5, 7), (0, 2, 4, 5, 7), (0, 3, 4, 5, 6), (0, 2, 4, 5, 6)}. 
The second triangulation Tg is Ta but with the last four simplices replaced by 

(0, 3, 4, 6, 7), (0, 2, 5, 6, 7), (0, 3, 4, 6, 7), (0, 2, 4, 6, 7) . (4.26) 

We verify that the difference in the two triangulations is due to two different triangulation 
of the two dimensional face (square) (z^|, Uj, u^, Uq). They are {(z^l, 2^5, z^g) , (2^4, 2^5, 2^7)} 
for Ta, and {(z.^, z.^*, , u^)} for T^. 

For the triangulation Ta, we have in ( [4.14|) the generators of the Stanley- Reisner 
ideal. Each generator Di^Di^ ■ ■ ■ Di^ determines uniquely the element ^{^1,^2, ■••,Zfe} ^^e 
lattice L, and in turn the operator Vj , . We observe that some combinations of the 
operators factorize to give a complete set of Picard-Fuchs operators. The principal parts 
of these operators generate the ideal Tquot as in (|4.15|) . In appendix A, we list the resulting 
Picard-Fuchs operators in terms of the local coordinates x, y, z and w deflned by Z^'* = 
(-1,1,0,0,1,1,-2,0,0), = (-1,0,0,0,1,1,0,-2,0), if = (-1,0,1,1,0,0,0,1,-2) 
and if = (0,0,0,0,-1,-1,1,1,0), respectively. The intersection ring (|3.36| ) determines 
the topological data as follows; 



-A,cl 

XXX 


= 17 K^'""^ 

' ' xxy 


cyn jy-A^cl 

^ 7 xyy 


36 R'^''^^ - 


- 46 , Kt""^ - 


= 13, 


-A,cl 
xyz 


10 jy-A,cl 

10 , l\yy^ 


= 23 , K^^^ = 


q /^^,cZ _ 


11 , K^if = 


4, 


■A,cl 
xxw 


— 3Q Zi'^''^^ 

' ^^xyw 


= 54 K^'^^ = 
' yyw 


72 yr^.c^ - 

' ^ ' ^^xzw ~ 


- 27 , K^fJ, - 


= 36 , 


-A.cl 

zzw 


10 Ty-A,cl 

J-O , -iV^^^ 


01 Ty-A,cl 

O-L , IVyy^yj 


1 DS Zt'^ic' 


— 54 , K^^^ — 162 , 



-'^xxw ~ ' ^xyw ~ ' ^yyw — 5 ^^xzw — ^> 1 ^yzw ~ ' l^-^ ' J 

Ki 

C2 ■ = 74 , C2-Jy= 100 , C2 ■ = 52 , C2 ■ = 144 . 
For the triangulation Tg, we flnd the generators for the Stanley-Reisner ideal 

DiDr , DiDs , D^D^ , D^Ds , D2DsDe , DsI^s^^t ■ (4.28) 
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We observe again some (less trivial) factorizations among the operators ik}^ 
and their combinations in order to obtain the Picard-Fuchs operators listed in appendix 
A. The local coordinates x,y,z and w for this triangulation are 

defined by =^a^+^a\ 
= respectively. Then the topological data 



(2) 
B 



(4) ,(3) 



+ I':' and / 



'A 



turns out to be 



K. 



B,cl 



jy-B,cl 

xyw 



8 , K 



C2 ■ Jf = 74 , C2 ■ J^f = 100 , C2 ■ = 52 , C2 ■ J, 



B,cl 
yyw 



10 , K. 



B,cl 



4 , K 



B,cl 
yzw 



jy-BjCl <-) 

zzw 



tB 



B 



tB 



24 



(4.29) 



'B.cl 



where the cubic couplings among J^, Jy, Jz are the same as in ( [1.27|) and -ft^^i^^ = Kiw^} — 
(* = X, y, z). As we observe in ([4.29|) , the topological data for the phase B indicate that 
the Calabi-Yau hypersurface has the property of a K3 fibration[14]. In fact, we verify that 
A*i^3 := Conv.({z^^, 7 ^3 7 ^6 ' ^^7' ^sl) is ^ three dimensional refiexive polyhedron. We 
observe that C2- Ji = 24 for some i (cf. ( [4.29| )) is necessary for the Calabi-Yau hypersurface 
to contain a K?>. We also remark that the existence of a three dimensional refiexive 
polyhedron A*k3 in A* does not always yield the above topological condition. We will 
return to this point later in the final section. 

X^aCI, 3, 2, 1, 1)^260 

This model provides us an example in which we have two different resolutions of point 
singularities in the ambient space, however the difference of the two resolutions does not 
affect the topology of the Calabi-Yau hypersurface. This model has also been solved in 



11 . 





'6 V6 

Fig. 2 Two different triangulations Ta (left) and Tb (right) for the models Xi(7j 3, 2, 1, 1) 
In the left, we see three 3-simplices whereas in the right we see two 3-simplices. This results in different regular 
fans S(A*)^g^ and S(A*)^g^ for the different desingularizarions of the ambient space. However the Calabi- 
Yau hypersurfaces in them have the same topology. 
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Let us summarize the toric data for this model. The reflexive polyhedron we consider 
is given by the convex hull of the following integral points; 



= (1, -1, -1, -1) , V2 = (-1, 3, 0, -1) , = (-1, 3, -1, -1) , 

= (-1, 3, -1, 1) , = (-1, -1, 6, -1) , = (-1, -1, -1, 13) , (4.30) 

Z.7 = (-1,-1, -1,-1), 



with respect to the basis {Ai, ■ ■ ■ , A4} of H{w) given after ( pT7[) . Then the vertices of the 
dual polyhedron /\*{w) are 

z/* = (1,0,0,0) , z/2* = (0,l,0,0) , z.3* = (0,0,l,0) , 

(4.31) 

z.: = (0,0,0,l) , = (-7, -3, -2, -1) , z.* = (-2,-1,0,0) . 

We will find one point = (—1, 0, 0, 0) on a codimension one face (z^25 ^li ^e)- 1^ 
triangulate the polyhedron A*(w), we will find the following two different triangulations 
Ta and Tg which induce the complete fans E(A*)'^ and E(A*)'^ respectively; 

Ta = {(0, 4, 5, 6, 7), (0, 3, 5, 6, 7), (0, 3, 4, 6, 7), (0, 2, 4, 5, 7), 

(0, 2, 3, 5, 7), (0, 2, 3, 4, 7), (0, 1, 4, 5, 6), (0, 1, 3, 5, 6), (4.32) 
(0, 1, 3, 4, 6), (0, 1, 2, 4, 5), (0, 1, 2, 3, 5), (0, 1, 2, 3, 4)}. 

Tb can be obtained from Ta by replacing the first three simplices of Ta by (0, 3, 4, 5, 7) 
and (0,3,4,5,6). The difference between Ta and Tg are depicted in fig. 2. Since it turns 
out that some of the cones in the fan E(A*) are singular for both triangulations, we need 
to subdivide them. In the case of Ta, we find the following integral points make the cones 
regular; 



(4.33) 



and for Tg we find 



1 , . . . . 1 



10 



-(z.* + 1,1 + Pi + Pi) , z.*i = -(z.* + Pi + Pi + Pi) , (4.34) 
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Subdividing E(A*)'^ and E(A*)^ by these integral points results in the regular fans 
E(A*)^g^ and E(A*)^g^, respectively, both of which do not come from any triangula- 
tion of the polyhedron A'* - the convex hull of all the integral points. Using each of the 
two regular fans, we determine the basis for the Kahler cone, and the Mori cone of the 
ambient space. We summarize in appendix B the bases {r]\, ■ ■ ■ , ?7^} and {ry]^, ■ ■ ■ , ^7^} of 

A B 

the Mori cones for E(A*)^g^ and E(A*)^g^ respectively. We observe that the Mori cones 
for both ambient spaces are not simplicial, implying that neither are the Kahler cones of 
the ambient spaces. 

The divisor [Xa] of the form (|3.46|) determines the same intersection ring for the two 
hypersurfaces, and for both cases we find that the divisors Di (z > 7) decouple. In fact 
the ideal Tquot is generated by 

1^21^6 , DsD^D^ , A > 7) , (4.35) 

together with the linear relations [ii) in (|3.22| ). We remark that in this model both {1/2, z/g} 

A B 

and {z^3, z/4, v^} are the primitive collections of E(A)^g^ and E(A)^g^. The reduced lattices 
which we denote La , Lb' in the two cases are generated by 



4'^ = 3r7i + + 2774 + 2r7i + 477^ = (-4, 2, 1, 0, 0, 0, 1, 0, ■ ■ ■ , 0), 
l^A^ =2rj\ + r]\+rj\+r]\+2r]% = (-2, 1, 0, 2, 1, 1, -3, 0, ■ ■ ■ , 0), 

for La' and 

= 3r?| + 677! + 7r]% + r]% + 2f]% = (0, 0, 1, -4, -2, -2, 7, 0, ■ ■ ■ , 0), 
4'^ = 277^ +77^ = (-2, 1, 0, 2, 1, 1, -3, 0, ■ ■ ■ , 0), 



(4.36) 



(4.37) 



for Lb'- We remark that the Mori cone for for the ambient spaces are not simplicial but 
their intersection with L^'s are. We also note that two restricted cones for E(A*);:^^^ and 
E(A*)^g^ have an intersection, in fact the former is included in the latter since 4'* = 4^ 
and 1^2^ = Z^'* + 24^- We draw in fig. 3 the restricted Kahler cones in the secondary fan 
for the polyhedron A*, more precisely in the secondary fan for the point configurations 
UqjU^, ■ ■ ■ ( we delete the point Uj corresponding to automorphisms). Since Tquot is 
the same for both T,{A*)f^g and E(A*)^g^, we expect that the two triangulations define 
the same Calabi-Yau hypersurface in different ambient spaces, i.e., the only difference is 
in the topology of the ambient space which is irrelevant to the hypersurface. 
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Fig. 3 The secondary fan for the polyhedron A* (7, 3, 2, 1, 1) 

The Kahler cones of the smooth ambient spaces ^ J2( A*)^ and Py'/'A*')^ have different restrictions to the 

\ 'Teg V 'rag 

secondary fan. The restricted Kahler cone for the former space is given by the union of the cones parametrized 
by 74 and while for the latter it is given by the cone parametrized T^. 



Now we derive the Picard-Fuchs operators based on the triangulation Ta- We note 
that this model is of type III with non-trivial automorphisms. This is the most general 
situation. The point on a codimension one face is a root vector in ( |2.1(J| ) for the fan 
E(A). According to ( p.l2| ), this results in the following linear operator annihilating the 
periods: 

(4.38) 



^, d d 
Z = 2ai— h ttQ- 



dao daj 

Now we look at the operators which correspond to the first two generators in ( [4.35| ), 



V, 



d d 



{2,6} 



d 



da2 dttQ \da7 ^ 
d d d d d d 



(4.39) 



{3,4,5} 



da3 da4^ da^ dao da^ das 
Starting with these operators, we derive the Picard-Fuchs operators for the period re- 



stricted to the sublattice (|4.36| ). It is easy to see the first operator Vi^^ combined with 
the linear operator ( [4.38| ) results in a second order differential operator. For the operator 
we need to look into the structure of the Jacobian ring of the hypersurface. For 



{3,4,5} 



this, as in the previous example, it would be most efficient to express the hypersurface in 
terms of the homogeneous coordinates: 



W = zl + z\z3 4 + zf + z^^ 



5 ' 



(4.40) 



in P(7, 3, 2, 1, 1). Then the transposition argument in applied to this hypersurface 
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indicates that the mirror is given by the orbifold W j^L^^ Z14 with 

W = aizf + a2^| + asZ2zl + a4^z\^ + 052:5"^ + ao^^i 2:2^3^4^5 

(4.41) 

I 4 4 4 I 2 2 2 2 ^ ' 

-r dQZ^Z^Z^ + ajZ2Z^Z^Z^ , 



in P(14, 7, 3, 2, 2). We note that, in this form, the automorphism used for (|4.38|) is identified 
with 

zi-^e Z2Z3Z4Z5 , Zi^ Zi (z > 2) , (4.42) 

in infinitesimal form. The deformation parameters as, • ■ ■ , an corresponds to the degree 56 
(charge two) monomials Z2Z^z^z}^ , Z2Zszfz^ , ziz^z^z^ and zizf^J^I, respectively. Since 
we can verify ( 1 - ^M^) z^zhl'^zl'^ = ^^H"^"^ ^f^^zg + ^z^ fzl modulo terms 
in the Jacobian ring [dW) which vanish inside the period integral, we have the relation 

64a|a2a6\ _ 0102^3 d d aias ( d 



1-^^^^^^^ = -224:^^^ + 2::^ — , (4.43) 
Gq J oao oas % oae oao Qq \oaQ J 

where we use ( [4.38p in the derivation. If we combine ( [4.43| ) with the operator P/^g ^ in 
( [4.39| ), we will obtain a third order differential operator. Thus we obtain the Picard-Fuchs 
operators which determine the local solutions with the property (|3.38| ); 

= (e^ - sOy) - 4x {2ey + + 3) (2^^ + + 1) 
V2 = [i-uxfel 

- 64{ii2x2y {e^ - ?,ey) {2ey + ao^ + 1) + {e^ - Wy - 1) {e, - 3^^)} (4.44) 

- (1 - Ux) {112x1/ {9^ - Wy - 1) {9^ - Wy) {29y + + 1) 

+ y (^X - ^9y - 2) {9, - Wy - 1) {9^ - Wy)] 

with X = a^A^ = "i"!"'^ , y = a^A'' = "i"3«4a.5 ^ rpj^^ topological data for the local solutions 
about X — y — are given by 

jy-cl,A _ q Ty-cl,A _ o T^'cZ,^ _ i ZV'c/.yl _ rv 

XXX ^ ' -'^xxw ' ^^xyy ^ ' VVV ' , x 

(4.45) 

C2-J^ = 66 , C2-j/ = 24. 

The analysis for Tg is the same as the above and the Picard-Fuchs operators are given 
by ( [4.44| ) with the variables (x^,?/^) := {x,y) changed to {xb^Vb) under the relations 
= XBVB^yA = Vb- The topological data are connected by the linear relations which 
results from these relations. 
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5. Conclusion and Discussions 

We have analyzed the GKZ hypergeometric system - which we call A*-hypergeometric 
- for a reflexive polyhedron. The characteristic feature of this system in mirror symmetry 
is that it is T-resonant in general. Especially, for a maximal triangulation Tq of the 
polyhedron A*, the monodromy of this system becomes maximally unipotent. We have 
found close relationships between the Stanley-Reisner ideal for the triangulation Tq and 
the ring of the leading terms of the A* -hypergeometric system at the maximally unipotent 
point. For the models of type I and II, we have proved these two ideals are actually equal, 
using the general theory of toric ideals. We have found a closed formula for the local 
solutions near the maximally unipotent point, in terms of the intersection form. As was 
observed in [jl^, the A*-hypergeometric system is reducible. If we extract the irreducible 
part of the system by factoring out the operator , the resulting system gives a sufficient 
set of differential operators to determine the quantum geometry of moduli space. We have 
verified our observations for the Calabi-Yau hypersurfaces in weighted projective spaces 
up to /i^'^ < 3, including models of type III. 

In the table of appendix C, we have summarized the topological data for each mod- 
els. There we can see several isomorphisms or relations between different models. For 
example we have Xf4(7, 2, 2, 2, l)^,^^^ ^ X|(3, 1, 1, 1, l)2_24o , X f^{h, if ^ 

Xfo(3,2,2,2,l)3_^44 and X?8(9, 4, 2, 2, l)^,^^^ ^ Xi(4, 2, 1, 1, l)^ , aU of which can 
be explained by a fractional change of the variables [^. Also there can be a reflexive 
polyhedron A* (it;') in another reflexive polyhedron ^*{wf . For example, by listing all in- 
tegral points in the polyhedra, we see A*(2,2,2,l, 1) C A* (3, 3, 3, 2, 1) , A*(6,2,2, 1,1) C 
A* (9, 3, 3, 2,1) and A*(l5), A*(2, 1^) c A* (3, 2, 2, 2, 1) C A* (5, 3, 3, 3, 1). Since aU integral 
points in A*(w') is are contained in A*(w), the inclusion relation /S.*{w') C /S.*{w) implies 
that the fan E(A*(i(;)) is a refinement of the fan E(A*(i(;')). This reminds us the cases 
we encountered in the singular models of type III, in which we found that topologically 
different Calabi-Yau hypersurfaces can sit in the same ambient space. 

To see the details, let us consider the case A*(6, 2, 2, 1, 1) C A*(9, 3, 3, 2, 1). The 
integral points in A* (9, 3, 3, 2, 1) with respect to the basis given after ( ^.17| ) are z/q = 
(0,0,0,0), ul = (1,0,0,0), = (0,1,0,0), ul = (0,0,1,0), ul = (0,0,0,1), ul = 
(-9,-3,-3,-2), ul = (-6,-2,-2,-1), u*, = (-3,-1,-1,0) and = (-1,0,0,0), 
where the last points is on a codimension one face of the polyhedron. The polyhe- 



^ This observation has also been made in ref.[ll|. 
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dron A*(6, 2, 2, 1, 1) has integral points z^q, u*, i>2, z^3, z^l, t'g, z^f , z^g, where the point z^g is 
also on a codimension one face. Therefore E(A*(9, 3, 3, 2, 1)) is a refinement of the fan 
E(A*(6, 2, 2, 1, 1)), and we will have two different Calabi-Yau hypersurfaces in the same 
ambient space Pe(a*(9,3,3,2,i)) According to (|3.46|) , the divisor for the hypersurface is 
given by 

[^A(^)] =Di+D2 + D^ + D^ + D^ + D^ + Dt + D^ , (5.1) 
for the model ^ig(9, 3, 3, 2, l)'^ig6 ; and 

[^A(^')] =Di+D2+D^ + D^+ 2D^ + D6 + D7 + DS, (5.2) 
for the model Xi2(6, 2, 2, 1, 1)^ 

252 ■ This can also be understood by the fractional trans- 
formation on the defining polynomial. The polynomial W{z) = W{z) for the mirror of 
Xi8(9,3,3,2,l)3_,s6 is 

W = aizf + a2Z2 + asz^ + a4zl + a^zl^ + aoZiZ2ZsZ4Z5 + gqzIzI'^ + gtzIzI , (5.3) 

in P(9, 3, 3, 2, 1)/(Z6)^, where the deformation by ag, which corresponds to the divisor 
Ds, is eliminated using the automorphism. Now consider the transformation = Zi (z = 
= z^^z^. Then the potential becomes, if we set 05 = 0, 

which can be regarded as a hypersurface in P(6, 2, 2, 1, l)/(Zg x Z12), the mirror of 
Xj^2(65 2, 2, 1, 1)^252 • The additional quotient by Z12 comes from the identification 
(^4,^5) = (a^^4,ct^5) with CK^ = 1 (, see ^ for the detailed form of the actions for Z|). 
The Mori cone of each model may be obtained by restricting the Mori cone of the ambient 
space to the sublattice L', namely / G L with /g = for A* (9, 3, 3, 2, 1) and h = h = for 
A*(6,2, 2, 1, 1). Thus the inclusion of the dual polyhedron, A*{w') C A*{w), implies an 
embedding of the (quantum) Kahler moduli of ^a(i(;') to that of XA(tu)5 or equivalently 
under mirror symmetry, the complex structure moduli for the mirror ^A*(ii;') to that of 

As a different kind of inclusion relation, we also observe that the dual polyhedron 
A*K3(ty') for some K3 hypersurface sits inside the polyhedron A*{w) for a Calabi- 
Yau hypersurface. It has also been observed that if, in addition, we have the following 



Since the ambient space is still singular, we need further subdivisions of some cones. However 
the following arguments are vahd for the fully resolved ambient space. 
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specific form of the topological data; C2 ■ K = 24, J-K-K = K- K- K = for some 
divisor class K, then the following "CY-K3 correspondence" occurs: the Picard-Fuchs 
operators for the Calabi-Yau manifold specialize to those for a X3-model under a suitable 
limit of the variables. In our list, the following models shows this specific properties; 
-^3(25 2, 2, 1, l)^]^gg , X]^2(6, 2, 2, 1, 1)?_252 , X]^2(3, 3, 3, 2, 1)"^]^26 ' -'^islQ' 3, 3, 2, l)i?_]^gg 
, X24(12,8,2,l,l)3 4go , Xio(4, 2, 2, 1,1)^192 and ^^^(S, 3, 3, 1, l)^ 25^ . Also our non 
Landau- Ginzburg model found in relation to ^9(3, 2, 2, 1, l)?_i68 shows this property as 
well. The K3 polyhedron A*x3 contained in the reflexive polyhedron A'* provides an 
example of non Landau-Ginzburg K3 hypersurface. We have noticed that the specific 
form of the topological data depends on how we triangulate the polyhedron, namely in 
this example, the CY-K3 correspondence occurs only in the phase B(see (|4.29| )). Some of 
the models where the CY-K3 correspondence occurs has been studied extensively, and has 
provided strong evidence for the so-called heterotic-type II string duality [1T6[| [1l4| |[T7|] . We 
believe that our general framework outlined here will provide powerful techniques for the 
studying questions in heterotic-type II duality. 
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Appendix A. Picard-Fuchs equations for the model in section 3. 

This non Landau- Ginzburg model is defined by the reflexive polyhedron A'* which 
has the property E(A'*) = S(A*)^^^ for A* = A*(3, 2, 2, 1, 1). There are two Calabi-Yau 
phases, phase A and phase B, which are connected by flop operations. 
Phase A: 

Vi = {$, - 2ey + e^) - xw (d^, + e, + 9y + ii) {e^ - 29^) 

V2 = 9^ {9y - 29,) - xyw^ {9, + 9,+9y + 2) {9, + 9, + 9y + l) 

= i^w ~ 2^a;) {9g — 29y + 9yj) — w {9x + 9y — 9yj) {9x + 9y — 9yj) 
T>4 = {2ex - d^) {29, - 9y) - yw {9^ + 9, + 9y + l) (9, - 29y + 9^,) 
T^b = {9x + dy — 9w)^ 9x — X {9x + 9z + 9y + 1) {9, — 29y + 6*^ — 1) {9, — 29y + 9^) 

- {9x + 9y — 9yj)'^{9y — 29 z) 

- y{9x + 9z + 9y + l){9z - 29y ^9^- l){9z - 29y + 9^) 

T>7 = 9z {9x + 9y- 9^f + Zyz {9^ + 9z + 9y + l) {9, -9y + 9^) {9y - 29,) 

- y9z {9, - 29y + 9^-1) {9, - 29y + 9^) - x9, {9^ - 29^) (9^ - 29^ - 1) 
Vs = 96*2 - 189x9^ + 259x9y - 419^9, + 169,9^ 

- 48yzw {9x + 9, + 9y + l) {9y - 29,) - 9x {9^ - 29^) {9^ - 29^ - 1) 
+ yw {9x - 29,) {9, - 29y + 9^) + Axyw^ {9y + 1) {9^ + 9, + 9y + l) 
+ xw {99, + 109y + 99^ + 9) {9^ - 29^) 

= 2>9x9y — Q9x9, — Q9w9y + 2>9^9y + 2>9^ — 99y9, + 139^9, + 39^ 

- 3y{9, - 29y + 9^- 1){9, - 29y + 9 J - 3z{29, -9y + 1){29, - 9y) 

- xw9,{9^ - 29x) + yw{h9, + 39^ + 3){9, - 29y + 9^,) 
+ xyw'^{9x + 9, + 9y + 1){89, + Q9^ + 12) 

(A.l) 
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Phase B: 



T^i — dx {dx — dy -\- 9z — Oyj) — X {9x -\- 9y + 9z -\- ^) {9y — 9x — 9w) 
T>2 = Ox {9y - 29z) - xy {9x + 9y + 9z + 2) {9x + 9y + 9z + l) 

= 0^ — W {9y — 9x — 9yj) {9x — 9y + 9g — 9yj) 

T^4 = {9y — 9x — 9w) {9y — 29z) — y {9x + 9y + 9^ + 1) {9x — 9y + 9^ — 9^) 

©5 = Q9x9^ - 29x9y - 169z9^ - 169x9^ + lQ9y9z - 48yz {9x + 9y + 9z + l) {9y - 29^) 

- 16y9z {9x -9y + 9z- 9^) - ^xw {9y -9x-9^-l) {9y - 9x - 9^) 

- Axy {29x - S9y + 29^ - 1) {9x + 9y + 9z + l)-x {99^ - 109y) {9y - 9x - 9 J 
T^Q — 39x9w + 89y9w + G9x9y — 2A9z9w — 169x9z + 89'^ — 8z {9y — 29z — 1) {9y — 29z) 

- 16yz {9x + 9y + 9z + l) {9y - 29z) - 8yw {9x -9y + 9z-9^-l) {9x -9y + 9z- 9^) 

- Zxw {9y -9x-9^-l) {9y -9x- 9^) - 8y9^ {9x -9y + 9z- 9^) 

- Axy {59^ + 29x + 9y + S) {9x + 9y + 9z + l)-x {39^ - 29y) {9y - 9x - 9^) 

(A.2) 
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Appendix B. Basis of the Mori cone for P(7, 3, 2, 1, 1) 



For this weighted projective space, we have two different desingularization of the 
ambient space, P-£(a*)^ ^j:(a*)^ text. For each desingularization, we obtain 

\ )req \ ^ req 



the basis of the Mori cone following [pGj . We see the Mori cone for E(A*)^g^ is not simplicial. 
For the regular fan E(A* 



' reg ' 



ri\ = {l, 0, 0, 1, 0, 0, -2, -1, 1, 0, 0, 0), 77^ = (-2, 0, 0, 0, 1, 1, 1, 1, -2, 0, 0, 0), 

r,\ = (-2, 0, 1, 0, 1, 1, 0, 1, 0, -2, 0, 0), ri\ = { 2, 0, 0, 0, -1, -1, 0, -2, 1, 1, 0, 0), 

ri\ = (-2, 1, 0, 0, 1, 1, 1, 0, 0, 0, -2, 0), r^^ = ( 1, 0, 0, 0, -1, -1, -1, 0, 1, 0, 1, 0), 

r,\ = (-2, 1, 1, 0, 1, 1, 0, 0, 0, 0, 0, -2), r,\ = {l, 0, -1, 0, -1, -1, 0, 0, 0, 1, 0, 1). 



For the regular fan E(A* 



f ■ 

' reg ' 



vl = 
v% = 

7 

Vb = 

Q 

Vb = 



0,0, 0,1, 0, 0,-2,0, 0, 0, 1,0,0), f]l 



-1,0, 0,0, 1, 1, 0,0,-2, 0, 0,0,1) 



4 



(B.l) 

-1,0,0, 1, 0, 0,0, 1,1,0,0, 0,-2), 
1,0,0,-1,-1,-1,1, 0,1,0,0, 0, 0), 
2,0,0, 0,-1,-1,0,-2,1,1,0, 0, 0), 



-2,0, 1,0, 1, 1, 0,1, 0,-2, 0,0,0), rj%-- 
-2, 1, 0, 0, 1, 1, 1, 0, 0, 0, -2, 0, 0), 7]% = (-2, 1, 1, 0, 1, 1, 0, 0, 0, 0, 0, -2, 0), 
1,0,-1,0,-1,-1, 0,0, 0, 1, 0,1,0). 



:B.2) 



Appendix C. Topological data for models with /i ' < 3 

We list the topological couplings for the Calabi-Yau models with h^'^ < 3. We follow 
the conventions in i.e., 8Jf-f 4Jf J2 for the coupling means i^T^'^^^^^ = 8, K^''^^_^^^ = 4 

and others are zero. The superscript in each model shows the type of the model defined 
in (|2.16[ ). The divisors Jk and the variables x*^^-* = (— l)'o 'a^^ ^ are connected by the 
identification Jk = m{9^{k)) made in ( p.27| ) and (|3.37| ). According to Wall's theorem cited 
in sect. 4, the topological type of the Calabi-Yau manifolds are classified by the classical 
Yukawa couplings ( cubic form) and the invariant C2 ■ Jk (linear form) on H^'^{X, Z). 

For interested reader we list the concrete basis {l^'^^} for the Mori cone in the file 
appended to The basis for the Mori cone and the topological couplings in this list 

determine the prepotential F(t) in 



50 



Fermat type Calabl-Yau hypersurfaces 


model 


topological couplings 


— * 

C2 • J 


X|(2,2,2,l,l)2_,es 




(56,24) 


-^12(65 2, 2, 1, 1)^252 


4Ji3 + 2Ji^ J2 


(52, 24) 


-^12(4, 3, 2, 2, l)?.i44 


2 Ji^ + 3 Ji^ J2 + 3 Ji J2^ + 3 J2^ 


(32,42) 


-^14(7, 2, 2, 2, l)?_24o 


2 Ji^ + 7 Ji^ J2 + 21 Ji + 63 J2^ 


(44, 126) 


Xf8(9,6,l,l,l)?.54o 


9Ji3 + 3Ji^ J2 + Ji J2^ 


(102,36) 


^12(65 3, 1, 1, 1)?.344 


ISJi^ + GJi^ J2 + 2 Ji 

+ 18Ji2 J3 + 6J1 J2^3 + ^2^ ^3 

+18 Ji Js^ + 3 J2 Js^ + 9 Js^ 


(96,36,102) 


^12(3: 3, 3, 2, l)?_i26 


6 Ji^ + 4 Ji^ J2 + 8 Ji^ Js + 4 Ji J2 J3 

+8 Ji J32+4J2 J3^ + 8J3^ 


(48, 24, 56) 


^15(^5 ^5 ^5 ^5 1)-144 


3 Ji^ + 5 Ji^ J2 + 5 Ji J2^ + 5 J2^ 
+10 Ji^ J3 + 15 Ji J2 J3 + 15 J2^ J3 
+30 Ji J3^ + 45J2 J3^ + 90J3^ 


(42,50,120) 


X^(9,3,3,2, l)ii86 


3 Ji^ + 2 Ji^ J2 + 4 Ji^ J3 + 2 Ji J2 J3 

+4Ji J3' + 2J2 J3' + 4J3' 


(42, 24, 52) 


X|4(12, 8, 2, 1, l)'i480 


8Ji'V2 Ji^ J2 + 4Ji2 J3 

+ Ji J2 J3 + 2 Ji J3^ 


(92, 24, 48) 
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Non-Fermat type Calabl-Yau hypersurfaces 


model 


topological couplings 


— * 

C2 • J 


X^{3, 2, 2, 1, l)?_i68 


6 Ji^ + 9 Ji^ J2 + 13 Ji J2^ + 17 J2^ 


(48, 74) 


X^{2, 2, 1, 1, l)?.i86 


14Ji^ + 7Ji^ J2 + 3J1 J2^ 


(68,36) 


^8^(3, 2, 1, 1, 1)?.202 


36 Ji^ + 12 Ji^ J2 + 4 Ji J2^ + J2^ 


(96, 34) 


-^1(3, I5 I5 I5 l)-240 


63 Ji^ + 21 Ji^ J2 + 7 Ji J2^ + 2 J2^ 


(126,44) 


X^4{7, 3, 2, 1, 1)?.260 


9Ji3 + 3Ji^ J2+ Ji J2^ 


(66,24) 


Xf5(5,4,3,2,l)3,2e 


8 Ji^ + 14 Ji^ J2 + 24 Ji + 37 Js''^ 
+4 Ji^ J3 + 7 Ji J2 ^3 + 10 J2^ J3 
+2Ji J32 + 2J2 Js^ 


(44, 82, 24) 


-^10(3, 2, 2, 2, l)"ii44 


90 Ji^ + 30 Ji^ J2 + 10 Ji J2^ + 3 J2^ 
+45 Ji^ J3 + 15 Ji J2 J3 + 5 J2^ J3 
+15Ji J32 + 5 J2 J3^ + 5 Js^^ 


(120,42,50) 


^ic)(3) 3, 2, 1, l)li68 


15 Ji^ + 20 Ji^ J2 + 26 Ji J2^ 

+32 J2^ + 10 Ji^ J3 + 13 Ji J2 Ja 
+16 J2^ Js + 6 Ji J3' + 6 J2 J3^ 


(66,92,48) 


X2™o(10,4,3,2,l)ii92 


18 Ji^ + 12 Ji^ J2 + 8J1 J2^ + 5 J2^ 
+9 Ji V3 + 6 Ji J2 J3 + 4 Js^ J3 

+3Ji J3' + 2J2 J3' + J3' 


(72, 50, 34) 


-^^10(4) 2, 2, 1,1)^192 


40 Ji^ + 20 Ji^ J2 + 10 Ji J2^ + 4 J2^ 
+10 Ji^ J3 + 5 Ji J2 J3 + 2 J2^ J3 


(100,52,24) 


^15(85 3, 2, 2, l)l200 


36 Ji^ + 12 Ji^ J2 + 4 Ji J2^ + J2^ 
+1 8 7i ^ 7q + 6 7i 7o /q -1- 2 7o^ 7q 

n^-LOey}^ (''3^^<^1*^2*^3^^'^2 ^^3 

+6J1 J32 + 2J2 J3' + 2J3-' 


(96,34,44) 


-^12(5, 3, 2, 1, 1)'?_204 


50 Ji^ + 30 Ji^ J2 + 18 Ji J2^ + 9 J2^ 
+60 Ji^ J3 + 36 Ji J2 J3 + 21 J2^ J3 
+72 Ji J32 + 43 J2 J3^ + 86 Js^ 


(104, 66,128) 
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tablo cont'd 



X?8(9, 4, 2,2,1)1240 


8 Ji^ + 18 Ji^ J2 + 36 Ji + 72 

+4 Ji^ J3 + 9 Ji J2 J3 + 18 J2^ J3 


(68,132,36) 


Xi(4,2,l,l,l)3 2,o 


72 Ji3 + 18Ji2 J2 + 4J1 J2^ 

+36 Ji^ Js + 9 Ji J2 J3 + 2 72^ Js 

4-1 S 7", 4- 4 /"„ 4- 8 T^^ 
-\-ioJ1J3 ^ <^2 "^S <^3 


(132,36,68) 


Xfg(8, 3, 3, 1, 1)1256 


6 Ji^ + 16 Ji^ J2 + 42 Ji J2^ + 104 J2^ 
+2 Ji^ J3 + 5 Ji J2 J3 + 10 J3 


(60, 164, 24) 


Xf6(8,5,l,l,l)3_456 


50Ji^ + 10JiV2 + 2 Ji J2^ 

+80 Ji^ J3 + 16 Ji J2 J3 + 3 J2^ J3 
+128 Ji Ja^ + 25 J2 J3^ + 203 Js^ 


(164, 36,266) 
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